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(zeneral Introduction

Multibody systems are assemblies of bodies whose motion is coupled by joints, force inter-
actions, and geometric relations. When a mechanism contains a closed loop, the bodies
cannot move independently: their positions and velocities must remain compatible with
loop-closure constraints. This coupling affects modeling, equation derivation, reaction-
force recovery, numerical integration, and verification. The purpose of this book is to build
a clear route from a physical mechanism to equations that can be simulated and checked.

The intended reader has a working knowledge of introductory mechanics, rigid-body
motion, linear algebra, and ordinary differential equations. The book introduces the ad-
ditional structure needed for constrained systems rather than assuming prior expertise in
multibody software. It compares common dynamics formulations, distinguishes coordi-
nate choice from equation and solver choice, derives a small open-chain example, and then
applies the ideas to a closed-chain mechanism.

Scope and assumptions

The main case study is a planar loop of five rigid links connected by five ideal revolute
pins, with link 4 grounded horizontally. Each body is represented by center-of-mass co-
ordinates (x;,y;) and an orientation 6;. The resulting 15 coordinates are subject to ten
scalar pin equations and three fixed-pose equations. At the modeled initial configura-
tion the constraint Jacobian has rank 13, leaving two local degrees of freedom. Rank is
configuration-dependent, so this count is not asserted at every possible pose.

The worked model assumes ideal rigid bodies, fixed mass properties, ideal pins, a fixed
ground link, and uniform gravity. It omits contact, joint clearance, friction, compliance,
flexible deformation, actuation, and experimental calibration. These omissions make the
equations easier to inspect; they also limit the model’s applicability to real hardware.

An open-chain double pendulum serves a different purpose. It demonstrates how to
choose generalized coordinates, derive energies, form Euler-Lagrange equations, extract
the mass matrix and remaining terms symbolically, and prepare a first-order initial-value
problem. It is explicitly not a closed-chain example. The two examples together show which
parts of a workflow come from Lagrangian mechanics and which additional equations arise
from loop closure.

How to use the book

Equations, derivations, and language-neutral pseudocode appear in the chapters. The
Jupyter notebooks provide executable symbolic derivations, numerical checks, plots, and
animation; Python implementation listings are collected in the final appendix. The double-
pendulum notebook checks its symbolic decomposition and energy behavior. The five-link
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notebook checks the position constraints, their Jacobian and acceleration bias, the KKT
solve, and trajectory closure.

Each chapter includes a focused State of the Art section. The introductory synthesis
that follows gives a book-wide orientation and states its coverage boundary. These sections
are selective and tied to the sources cited; they should not be read as exhaustive systematic
reviews.

Roadmap

Chapter 1 compares Newton—Euler, Lagrange, virtual-work, Kane, and Hamiltonian for-
mulations. Chapters 2 and 3 define the mechanism, coordinate system, and rigid-body
kinematics. Chapter 4 derives and simulates the double pendulum. Chapters 5-8 formu-
late loop constraints, differentiate them, assemble the constrained dynamics, and construct
consistent initial conditions. Chapters 9-11 discuss integration and drift, verification and
validation, and the five-link results. Chapter 12 records the assumptions’ limits and outlines
possible extensions. The appendix gathers the reader-facing Python implementations.



General State of the Art

Coverage boundary and search scope

This synthesis combines foundational mechanics and numerical-analysis sources with paired
reviews of constraint-enforcement methods, a DAE-focused multibody chapter, and se-
lected studies of projection, stabilization, vehicle dynamics, and flexible-body formulations.
The targeted discovery pass used Crossref title and DOI records and publisher-linked ab-
stracts on 2026-10-07, with search terms covering multibody dynamics roots, constraint
enforcement, DAE methods, stabilization, projection, constraint drift, vehicle-system nu-
merical methods, and flexible multibody dynamics. Bibliographic metadata were checked
against Crossref or publisher records; software-specific claims are checked against official
SciPy documentation. This is a scoped narrative review, not a systematic review: it has no
exhaustive database protocol or quantitative screening, and does not claim to cover every
application area or publication through the search date.

Formulations, coordinates, and model structure

The field draws on analytical mechanics, numerical analysis, and application-specific mod-
eling. Schiehlen’s historical perspective traces the development of computer-oriented multi-
body dynamics, while Shabana gives a broad treatment of rigid and deformable systems
[1, 2]. Newton—Euler balances, Lagrange equations, virtual-work principles, Kane’s equa-
tions, and Hamiltonian methods remain alternative descriptions of the same mechanics.
They differ in the variables and intermediate quantities they expose, how they handle ideal
reactions, and how naturally they support particular symbolic, recursive, or computational
workflows.

For constrained systems, formulation and coordinate choice are tightly coupled but not
identical. Minimal or reduced coordinates eliminate dependent variables and can shrink
the solve, yet a globally valid parameterization may be difficult to obtain and local param-
eterizations can become singular. Redundant Cartesian or natural coordinates make body
poses and joint geometry explicit but introduce algebraic equations and possibly redundant
constraints. The paired reviews by Laulusa and Bauchau classify classical formulations and
contemporary constraint-enforcement approaches, emphasizing that computational conve-
nience, accuracy, efficiency, and model structure must be considered together rather than
ranking one formulation as universally best [3, 4].

Constraint equations and DAE structure

With redundant coordinates, holonomic equations ®(g) = 0 produce velocity and acceler-
ation conditions by differentiation. Lagrange multipliers place ideal reaction forces among
the unknowns and lead to a saddle-point solve. At position level, the coupled differential
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and algebraic equations form a DAE; differentiating constraints to acceleration level and
solving for accelerations inside an ODE right-hand side is a different computational route,
not a dedicated solution of the original DAE. DAE-specific literature treats differentia-
tion index, consistency, index reduction, and the numerical consequences of these choices;
Arnold’s multibody-focused chapter connects those issues to practical formulations [5, 6, 7).

Constraint rank and conditioning are structural properties, not just solver details. Re-
dundant rows may leave the physical motion unchanged while making multiplier solutions
nonunique or the KKT matrix singular. Rank can also change with configuration, so lo-
cal mobility and solvability must be assessed at the poses of interest. This is one reason
reduced-coordinate and explicit redundant-coordinate models can behave differently near
singular configurations even when they represent the same ideal mechanism.

Constraint enforcement and drift control

The constraint-enforcement literature distinguishes several families. Index-reduction and
differentiated-constraint methods change the equation form; Baumgarte feedback modifies
acceleration constraints with position and velocity error terms; projection methods correct
positions, velocities, or both; coordinate partitioning or null-space methods eliminate de-
pendent coordinates; penalty and augmented-Lagrangian methods trade exact algebraic
closure for modified force or multiplier formulations. Reviews compare these approaches
by stability, constraint error, computational cost, conditioning, and suitability to the dis-
cretization [8, 3, 4].

The distinctions matter. Stabilization controls drift through feedback and introduces
gains whose values affect transient error and numerical stiffness. Projection or constraint-
elimination methods seek exact or near-machine-precision consistency, but projection can
alter energy or order of accuracy unless designed together with the integrator. Energy-
related effects of velocity projection have been analyzed explicitly, and drift-elimination
methods provide alternatives to simply increasing feedback gains [9, 10]. The literature
therefore supports a menu of tradeoffs, not a single method that dominates for all mecha-
nisms, integration intervals, and quantities of interest.

Time integration and application domains

Time integration is a separate choice from constraint enforcement. General-purpose adap-
tive ODE methods estimate local error, but an acceleration-level stabilized system may
become stiff when correction gains introduce fast time scales. DAE-aware methods instead
preserve algebraic variables and have their own consistency and index requirements. For
long-time mechanics, energy—momentum and Lie-group methods seek to respect geometric
or invariant structure, while generalized-a and related methods may deliberately damp
unresolved high-frequency response. These properties do not remove the need to state how
constraints are imposed. Numerical-analysis work includes error analysis of generalized-
« Lie-group integrators for constrained mechanics; DAE-oriented treatments address the
distinct algebraic formulation [11, 12, 7].

The balance also varies by application. Vehicle dynamics has developed specialized
numerical methods for large, often stiff or contact-rich models and for real-time simulation;
its review literature should not be assumed to represent every branch of multibody research
[13]. Flexible multibody dynamics adds deformation coordinates, constitutive models, and
elastic energy scales; Shabana’s review documents how this branch developed alongside
rigid-body methods [14]|. Contact and friction introduce unilateral or nonsmooth conditions
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and demand methods beyond the smooth equality-constrained example in this book. These
application areas broaden the field but also make a single global comparison impractical.

For the software demonstration in this book, SciPy’s solve_ivp uses RK45 by default;
Radau and BDF are implicit alternatives for stiff ODEs. Its output sampling parameter
specifies stored times rather than forcing internal solver steps. Documentation version, tol-
erances, maximum step, solver status, and residual diagnostics should therefore accompany
computational results [15].

Verification, validation, and reproducibility

Verification asks whether the equations and implementation have been solved as intended;
validation asks whether the model represents reality adequately for its intended use. They
need different evidence. Symbolic identities, independent implementations, residuals, bench-
mark comparisons, and refinement studies support verification. Measurements, quantified
uncertainty, and application-specific comparison criteria are needed for empirical validation.
Reproducibility requires enough artifacts and computational context to repeat the analysis
[16, 17]. The five-link example supplies internal and numerical verification evidence, but
no experimental data; low constraint error is not physical validation.

Synthesis and open challenges

Across the surveyed sources, several persistent challenges recur: selecting coordinates that
remain useful near singular poses; handling redundant constraints without loss of solv-
ability; balancing closure accuracy against energy behavior, stability, and computational
cost; preparing consistent initial data; and making constrained linear algebra scalable.
Application-specific developments add real-time requirements, contact and friction, flexible-
body constitutive detail, and parameter identification. Verification must also remain dis-
tinct from model validation: a numerically precise solution can still represent the wrong
physics.

This book adopts one transparent path through that landscape rather than claiming to
settle it: minimal coordinates introduce energy-based derivation in the double pendulum,
then redundant Cartesian coordinates and multipliers make loop closure explicit in the
five-link example. Initial projection, Baumgarte feedback, an adaptive ODE integrator,
and trajectory-wide residual checks are treated as separate decisions. The examples are
pedagogical and internally checked; they do not establish universal method superiority or
experimental validity.



Chapter 1

Dynamics Formulations

1.1 State of the Art

Classical analytical mechanics and multibody dynamics use several equivalent formulations,
each organizing coordinates, forces, and constraints differently |18, 2|. This focused review
uses these foundational texts to distinguish the formulations needed for this book; it does
not compare current software packages or claim an exhaustive review of recent method-
performance studies. Bibliographic scope checked 2026-10-07.

1.2 The same mechanics, different formulations

The governing physical system does not change when its equations are written using
Newton—Euler balances, Lagrange’s equations, virtual work, Kane’s method, or Hamil-
tonian variables. What changes is the choice of variables and how applied forces, ideal
reactions, and constraints enter the equations. This distinction matters especially in a
closed chain: a convenient formulation can expose reaction forces directly, eliminate them
through admissible virtual motion, or retain them as multipliers.

1.2.1 Newton—Euler equations

For each rigid body, Newton—Euler mechanics applies the balance of linear momentum
and angular momentum. In planar motion these include two translational equations and
one moment equation per body. Joint forces and moments appear explicitly as unknown
reactions, so free-body diagrams and load paths are easy to interpret. The cost is that
internal reactions must be introduced consistently for every joint; in a closed loop, the
resulting body equations and reaction unknowns are coupled around the loop.

This formulation is attractive when individual joint loads are a primary output or
when the free-body structure is simple. It becomes algebraically cumbersome when many
interconnected bodies create numerous reaction components and loop equations.

1.2.2 Lagrangian equations

Choose generalized coordinates g, form kinetic and potential energies 7" and V', and define
L =T — V. For each coordinate, the Euler-Lagrange equation is

d (0L oL
4 <3q> -G (1)
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where @; is the generalized applied force associated with ¢;. With independent coordinates,
ideal constraint reactions can often be eliminated because they do no virtual work in admis-
sible motions. With redundant coordinates, constraints can instead be retained explicitly
and their reactions represented by Lagrange multipliers. The energy-based procedure is
systematic, but deriving a useful coordinate set and evaluating symbolic expressions still
require care.

Chapter 4 uses this formulation for the open-chain double pendulum, where two angles
describe the configuration directly. The five-link closed-chain model instead uses Cartesian
body coordinates and explicit pin constraints; its multipliers are retained in the constrained
equations.

1.2.3 Virtual work and d’Alembert’s principle

The principle of virtual work states that ideal constraint forces do no work for virtual dis-
placements compatible with the constraints. d’Alembert’s principle applies the same idea
to dynamics by including inertial forces in the virtual-work balance. With independent
admissible virtual displacements, ideal reactions can be removed from the equations. This
gives a useful conceptual route to reduced equations and connects force balance with the
variational formulation, but constructing admissible motions may be difficult for compli-
cated closed loops.

1.2.4 Kane’s method

Kane’s method organizes equations using generalized speeds and partial velocities. It can
produce compact equations for systems where generalized speeds are convenient or do not
coincide simply with coordinate derivatives. Its bookkeeping can be effective for larger
multibody systems, although readers must learn its speed and partial-velocity notation
and carefully relate generalized speeds to configuration coordinates.

1.2.5 Hamiltonian formulation

Hamiltonian mechanics uses generalized positions and conjugate momenta, giving first-
order evolution equations in phase space. It highlights canonical structure and is useful in
geometric mechanics and long-term energy analysis. Constraints still require explicit treat-
ment or reduction, and the position—momentum formulation is not automatically simpler
for the constrained rigid-body examples in this book.

1.3 How to choose a formulation

The following comparison is qualitative: the best choice depends on the desired outputs,
coordinate structure, and constraint treatment.



CHAPTER 1. DYNAMICS FORMULATIONS 3

Method Starting Typical equations Strength Tradeoff
principle or unknowns

Newton— Linear and Accelerations and Reactions and Loop reactions

Euler angular joint-reaction load paths are are coupled
momentum forces explicit
balances

Lagrange Kinetic and  Generalized- Systematic and Coordinates and
potential coordinate symbolic- constraints
energy equations; friendly matter

multipliers if
redundant

Virtual work d’Alembert Projected force Avoids solving Admissible
balance over  balance; ideal for ideal variations can
admissible reactions cancel  reactions be difficult
variations

Kane Generalized  Generalized active Can produce  Requires
speeds and and inertial forces compact specialized
partial equations bookkeeping
velocities

Hamiltonian Legendre First-order Exposes Constraints
transform to  position— phase-space need extra
conjugate momentum structure treatment
momenta, equations

1.4 Omne double pendulum, five formulations

To compare the methods directly, use the same unforced open-chain model as Chapter 4:
point masses my and mo joined by massless rigid rods of lengths {; and Iy, with the first
pivot fixed and gravity acting downward. The rods and pins are ideal, and no actuator
torque or other applied force is included in this comparison. This restriction matters: a
prescribed joint torque requires an actuator model and corresponding moment balances for
the links, beyond the axial-force model used here. Use absolute angles 61 and 6o, positive
clockwise from the downward vertical, and let world y point upward. Define q = [0, 627
and § = 01 — 0». Figure 1.1 separates these generalized coordinates from the fixed model
parameters. Its numerical values illustrate the simulation example; all derivations below
retain the parameters symbolically. The mass positions are

(1.2)

:|, 7’2:7"1+l2|:51n92:|.

—cos by
Let e; = [sin#;, — cos §;]7 point from the upper end of rod i toward its lower end, and let
n; = [cos 6;, sin 9¢]T.. These are orthogonal unit vectors, with de; /00; = n; and On;/00; =
—e;. Thus é; = nlﬂ? and n; = —e;0;. Differentiating the positions once gives 71 = l1m16;
and 7o = 71 + lanebsy; differentiating again gives
=1 <n151 - 619%) ;
. . (1.3)
%2 == 5;1 + ZQ <n292 — 620§> .

Now draw a free-body diagram for each point mass. Define R; as a signed axial force,
positive in tension. Rod 1 pulls mass 1 toward its upper pin, in direction —e;. Rod 2
pulls mass 1 toward mass 2, in direction +e, and pulls mass 2 toward mass 1, in direction
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Double pendulum: coordinates and fixed parameters

Planar mechanism Model notation
0.2
o
GENERALIZED COORDINATES
0.0 q=1[61,6,1"
q= 161, 6,17
—024 ¢ G=161,6,1"
Angles are absolute, positive clockwise
€ —0.4 from the downward vertical.
s :
ke} |
s —0.6 i
2 i
ey ﬁ;_‘ FIXED PARAMETERS (SI)
my =1.2 kg, m, =0.8 kg
h=1m,/;=0.8m
—-1.01 g=9.81 ms™2
124 Ideal massless rods; point masses;
unforced motion.

-0.2 0.0 0.2 0.4 0.6 0.8 1.0
World x [m]

Figure 1.1: Double-pendulum geometry and notation. The generalized coordinates are 6;
and 6s; mq,mo,l1,ls, and g are fixed model parameters. The displayed SI values are the
numerical example values, not substitutions used in the symbolic derivations.

—e9; these are the equal-and-opposite forces at their shared pin. Gravity is —m;gj, where
4 =[0,1]T points upward. Applying 3" F = ma separately to each mass now gives

mi1T1 = —Rie1 + Roexs — migy, (1.4)
MmoT9 = —Roea —magj. .

These signs can be checked directly: the Roes force on mass 1 is opposite the —Roeq force
on mass 2, and gravity has negative vertical component. Substitution of the geometric
accelerations in (1.3) produces four scalar equations in 51, ég, Ri, Ry. Newton—Euler retains
all four unknowns; a reduced-coordinate method eliminates the reactions and later recovers
them if needed. The next subsections spell out these different operations rather than
treating the balances as unexplained results.

1.4.1 Newton—Euler: retain the rod reactions

Substitute (1.3) into (1.4). Move all forces in each balance to the left and define
f1=mu?1+ Rier — Roea +mugj,  fo = maits + Raex + magj. (1.5)

Both residuals are zero by Newton’s second law. Differentiate the geometry and take the
needed dot products: )
ny -1 = 161,
ny - :l1§1+lgc05552+lgsin59%, (1.6)
N9 -9 = [q COS(Sél -1 sinéé% + lzég.

To eliminate internal forces, project fy + f, along l1m; rod-2 forces cancel by action and
reaction, and rod 1 is perpendicular to n;. Project f, along lang; rod 2 is perpendicular
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to mg. Inserting (1.6) and n; - j = sin6; gives

(my + mg)l%él + malyly cos § Oy + malyls sin 9% + (m1 + ma)glysinfy =0 7)
malyly cosd él + mzlgég — malylysind 9% 4+ magls sinfy = 0. .

These are the two angular equations; they are the unforced specialization of the mass-
matrix equation derived below. After solving them for 61,65, recover Ry by projecting the
second-body balance along ez, and recover R; by projecting the first-body balance along
€eq:

Ry = ms <11 sind 6y + 14 00856}% =+ 1203 + g cos 92) , (1.8)

R = mllléf + R9 cosd + m1g cosfy.
The method’s final body-level equations are the original balances, now with the recovered
accelerations and reactions substituted:
m171 = —Rie; + Roea — mygy,

) . (1.9)
MmoTe = —Roey —magj.

1.4.2 Lagrange: derive directly in angles

The two angles satisfy the rod geometry automatically, so no rod reactions are needed
as unknowns. The velocities from (1.3) before differentiation are 71 = ljn160; and 79 =
[1m101 + lansbsy. Since n; - n; = 1 and nq - ng = cos d, their squared speeds are

- = 1262,
) - (1.10)
7o - 1o = 1707 + 1505 + 21113 cos 6 0165.
Substitute these into 7 = imy77 + 1mor3. The heights from the position definitions are
y1 = —licosf; and yo = —lycosy — lacosfy; use V.= migy; + magys. The resulting
energies are
1
T=-=
5(
V = —(m1 + ma)gly cos 01 — magls cos b.

1 . .
m1 + mﬂl%@% + imglgeg + malil20105 cos d, (1.11)

Set L =T —V. Since § = 01 — 05, its time derivative is 5= 91 — 92. The derivatives in the
Euler-Lagrange equations are

d oL - ] .
ﬁ%J%m+mﬁ@+mmhme—@mﬂﬁ—@y
L ..
87 = —mslyls61028ind — (m1 + mg)gll sin 61,
004
d oL (1.12)
4oL o . o s
a 862 m21292 + malils |:91 cosd — 0 sin 5(91 92):| ,
L ..
87 = m2l1l29192 sinéd — mgglz sin «92.
004

For coordinate i, subtract dL/98; from d(OL/d;)/dt. In the first equation the mixed
product 9162 sin § cancels, leaving the 92 term; in the second it cancels leaving 92 Thus
the two Kuler-Lagrange equations are

(my + mg)lfél + miolyls cos & By + molqls siné@% + (mq +ma)gly sinty =0, (1.13)
malyly cosd él + mglgég — malylysind 9% + magls sin 0, = 0. .
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Collecting the acceleration coefficients defines the mass matrix and the remaining terms
define the bias vector:

M- (my +m2)l3 malyla cosd h— molyly sinéé% + (m1 + ma)gly sin 61
malylg cos § mol3 |’ —mpalyly sin d 62 + magly sin Oy
(1.14)
For this unforced example the reduced angular equations are
M(q)q + h(q,q) = 0. (1.15)

Solve for ¢ and substitute into (1.3). The lower-link axial balance gives Ry; the upper-link
axial balance then gives Ry:

Ry = my (ll SiH(Sél + 11 COS&HI% + ZQQ% + g cos 92) , (1 16)

R, = mllléf + Ry cosd +mygcosb.

Putting these reactions back into Newton’s second-law equations recovers the body bal-

ances: ) .
mir1 = —Rie1 + Roexs — magy, (1.17)
Moty = —Roes — magy. .

1.4.3 Virtual work and d’Alembert: project onto admissible motion

For virtual angle changes 61,4602, the induced displacements are dr; = l1n1d6; and
0re = l1m1661 + lamodby. Each ideal axial rod force is perpendicular to the compatible
displacement of its endpoint, so its virtual work is zero. d’Alembert’s principle says that
the sum of applied-force and inertial-force virtual work is zero. Equating the independent
coefficients of §0; and d6- gives

limq - (mlh + moty + (m1 + mg)gj) =0, (1 18)
lomy - (mgf’g + mggj) =0. .

Substitute the geometric acceleration projections in (1.6). Before collecting coefficients,
the two scalar balances read

I [(ml + mg)llél + maly cos § Oy + maly Sil’l(;é% + (mq + mg)gsin 91] =0, (1.19)
lomsy [ll COS(Sél — 1 blné@% + lgég + gsin 92] =0 .

Divide the first line by [; and the second by lamsg, then collect terms. The resulting
equations are

(my + mg)lfél + mislyls cos & By + molqls siné@% + (mq +ma)gly sinty =0, (1.20)
malyly cosd él + mgl%ég — malylasind 9% + mogls sin 6 = 0. .

These match the Lagrange equations because the virtual displacements are exactly the
coordinate variations. Once they determine the angular acceleration, recover reactions
using (1.16); substituting these into the two body balances gives

mir1 = —Rie1 + Roex — magy, (1.21)
maoT9 = —Roea — magj. .
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1.4.4 Kane: use generalized speeds and partial velocities

Choose generalized speeds u; = 91 and uy = 92. Differentiating the point velocities with
respect to the speeds gives the partial velocities

v11 = hin, vo1 = limny, v = lomo, vz = 0. (1.22)

Kane’s generalized active force is Fj, = ), v;;, - F'; and generalized inertia force is Fy =
— >, mv;, - ;. Here gravity gives Fi = —(m1 + ma)glisinf; and F» = —magls sin 6s.
Projecting the accelerations in (1.3) onto the partial velocities gives

Fl* = — [(ml + mg)l%t% + moalyls COS(SéQ + molilsy Sln&@%} ,
i} i} . (1.23)
F2* = — |:m2l1l2 cosd 61 + mQZ%HQ — molils Sinégﬂ .

Setting Fy + F; = 0 and inserting the active forces gives the two equations explicitly:

(my + mg)lfél + miglyls cos & Oy + molyls siné@% + (mq +ma)gly sinty =0, (1.24)
malyly cosd él + mglgég — malylasind 9% + mogls sin 6 = 0. .

These match the virtual-work equations term by term. Kane’s method likewise eliminates
ideal rod reactions from the acceleration solve. After solving for the accelerations, use (1.16)
to recover those reactions; the resulting body-level force balances are

mi171 = —R1e1 + Roex — mygj, (1.25)
moTe = —Roea —magj. .

1.4.5 Hamiltonian: evolve positions and momenta

Starting from the Lagrange result, define conjugate momenta by p = 0L/0g = M(q)q.
Written componentwise,

p1 = (my +ma)l36; + malyly cos 8 s, (1.26)
po = malyls COS(sél + mﬂgég. .

The determinant is D = det M = mgl312(my + masin®§) > 0 for positive masses and
lengths, so the Legendre transform is invertible. The Hamiltonian # = p’q — L is the
total mechanical energy expressed in (g, p):

12)p? — 2malyl o 12p3
H(q,p) = (mal3)py matl 200;Dp1p2 + (m1 + ma)lips +V(q). (1.27)

Hamilton’s canonical equations for this unforced model are

oH oH

The first canonical equation gives ¢ = M ~!p. In components, this solve is

9:1 :l mgl% —mQZ]_lQCOS(S P1 (1 29)
0o D |—malilacosS  (my +m2)l3 | |po]|” '
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At fixed p, differentiating H = %pTM_lp + V with respect to ¢; uses OM~1/0q; =
—~M~M;M~!, and therefore gives OH /0q; = —%qTMﬂ-q +V;. Differentiating p = M¢q in
time gives p = M q + M q. Substitution into Hamilton’s second equation yields

Lo 1 [T Mg
M Mg—=|: - VqV =0, 1.30
q+Mq-—3 |:qTM,2q + Vg (1.30)
where M ; = OM/0q;. Let A = mglily. The two coordinate derivatives of the mass matrix
are

Mo =

)

(1.31)

M, = { 0 —Asmé] ’

0 Asind
—Asind 0 ’

Asind 0

The chain rule gives M = M71(9'1 + M729.2. Substitution into the velocity-dependent term
yields

1[¢g" M4 Asiné 63
_z : — 2 | . 1.32
2 {qTM,zq — Asin § 07 (1.32)
The potential gradient is
. (m1 + mg)gll sin 64
VgV = [ miagly sin O . (1.33)

These are exactly the velocity and gravity terms in (1.14); the Hamilton equations therefore
reduce to (1.13). Solve them for angular accelerations and use (1.16) to recover the axial
forces. Substitution in Newton’s second-law balances returns

mi7t1 = —Rie; + Roea — mygy,

) . (1.34)
MmoTe = —Roea —magj.

Do not confuse a dynamics formulation with other modeling decisions. Minimal versus
redundant coordinates are coordinate choices. ODE versus DAE describes the mathemat-
ical form presented to the solver. Explicit versus implicit integration is a time-stepping
choice. These decisions interact, but they are not interchangeable names for the same
choice.

1.5 Formulation used in this book

The book uses two examples to build the reader’s intuition. Chapter 4 uses the double
pendulum to demonstrate Lagrangian derivation with minimal coordinates and conversion
to a first-order ODE. The five-link mechanism then uses redundant Cartesian coordinates,
holonomic pin constraints, and Lagrange multipliers, producing a constrained accelera-
tion system. This progression keeps the introductory derivation small while making the
additional work required by loop closure explicit.

1.6 Summary

Newton—-Euler, Lagrange, virtual-work, Kane, and Hamiltonian formulations describe the
same underlying mechanics but expose different variables and tradeoffs. This book uses
Lagrange’s equations for the double-pendulum tutorial and a multiplier-based Cartesian
formulation for the closed-chain case. The following mechanism and kinematics chapters
define the model and coordinates before deriving its loop constraints.



Chapter 2

Mechanism and Modeling
Assumptions

2.1 State of the Art

Multibody models represent a mechanism as interacting rigid or deformable bodies con-
nected by joints and loads. Modeling choices determine which physical effects the equations
can represent and which numerical methods are needed [2|. This focused review uses a
foundational multibody text to frame rigid-body and joint idealizations. It does not sur-
vey application-specific contact or compliant-joint models. Bibliographic scope checked
2026-10-07.

2.2 Open chains and closed chains

2.3 From equation choice to physical model

Chapter 1 compared ways to express dynamics once a system has been selected. The next
decision is the model itself: which bodies exist, how they are connected, what is held fixed,
and which physical effects are retained. The book uses two systems for different teaching
purposes. The double pendulum is an open-chain example whose two angles satisfy its rod
geometry by construction. It lets Chapter 4 develop energy-based equations without loop-
closure reactions. The main case study in this chapter is instead a closed chain: five links
form a perimeter loop, so the joint geometry must remain closed throughout motion. It
is this second model, not the double pendulum, that motivates the constrained-coordinate
treatment in the later chapters.

2.4 Five links, five pins, one loop

Number the planar links 1 through 5 around the perimeter. Pin P;; joins links ¢ and j at
one point on each link; the complete connection list is

E = { P12, Po3, P34, Pss, Ps1 }. (2.1)

Thus links 1-2-3-4-5-1 make one closed loop. Link 4 is attached to ground and held
horizontal. Its support is not an additional moving link or one of the five revolute pins: it
fixes link 4’s planar pose. There is no diagonal pin. Adding one would define a different
mechanism and, for the modeled geometry, could remove the intended mobility.

9
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Figure 2.1 shows the labeled body arrangement at initialization and a later simulated
configuration. It helps identify the loop and the grounded member; it is a geometry
illustration, not evidence by itself that the equations or trajectory are correct.

Initial configuration Configuration at t = 10.00 s
1.51 e Link 1
1.5 Link 2
e Link 3
2 — L::kd
1.0 1.01 = Link 5
3 m Pin locations
0.5 —>& Fixed link CoM
_ %3 0.0
£ £ 4
> > -0.5
0.0 4
~1.01
4 5
—0.5 —1.54
—2.04
—1.04
-15 -1.0 -0.5 0.0 0.5 1.0 15 -2 -1 0 1 2
x [m] x [m]
Figure 2.1: Five-link perimeter mechanism at initialization and at ¢ = 10s. Colored

segments identify links 1-5, black squares mark the revolute pins, and the cross marks
the fixed center of mass of grounded link 4. The second panel illustrates a computed
configuration; trajectory correctness is assessed with residual and sensitivity checks in
later chapters.

The pin inventory makes the loop topology explicit:

oprule Pin  Connected links Role in the perimeter loop

Pis 1 and 2 Connects the first and second links

Ps3 2 and 3 Connects the second and third links

Psy 3 and 4 Connects the third link to ground link 4
Pys 4 and 5 Connects ground link 4 to the fifth link
Ps, 5and 1 Closes the loop

2.5 Bodies, joints, and loads

Each link is an ideal planar rigid body. Link ¢ has constant mass m; > 0, center of mass at
the body-coordinate origin, and planar moment of inertia I; > 0 about that center. A pin
transmits force between its connected links and enforces coincidence of the two attachment
points, while allowing relative rotation; it transmits no ideal couple. Chapter 3 defines the
body coordinates and maps those attachment points into world coordinates, and Chapter 5
turns the five pin connections into explicit loop-closure equations.

Ground fixes the position and orientation of link 4. The reference orientation is chosen
as zero, so the grounded link is horizontal with world x; its three pose conditions provide
the physical support needed to remove free rigid translation and rotation. The support
reactions needed to maintain this pose are internal to the model’s constrained force balance,
not prescribed external loads.

The baseline external loading is gravity, with world y positive upward. It acts downward
on every link’s center of mass; no actuator torque or other applied force is included in the
five-link baseline. A driven or damped mechanism would need an explicitly defined force
or torque model rather than an implicit change to the joint geometry.
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2.6 Modeling contract and scope

The equations developed later apply to this specific idealization. Their assumptions and
consequences are collected here so the reader can tell which claims belong to the model
and which physical effects have been left out.

oprule Model choice Included representation Consequence or excluded effect

Motion Planar translation and rotation  Out-of-plane motion is not
represented

Bodies Rigid links with fixed m; and I; Flexibility and changing mass
properties are excluded

Pins Ideal revolute joints No friction, backlash, compliance,
or transmitted couple

Support Link 4 fixed horizontally to Support reactions are solved, not

ground prescribed
Loading Gravity only in the baseline No actuation, damping, impact,

or contact forces

These omissions are scope boundaries, not claims that the effects are negligible in
applications. Introducing contact, friction, compliance, flexibility, or actuation changes
the force model, the constraints, or both, and requires new verification. The double-
pendulum example has a different idealization: it uses point masses and massless rods as
an open-chain teaching model, not the five-link rigid-body loop.

2.7 Mobility preview

The model inventory already signals why the five-link equations will be constrained. Five
planar bodies have 5 x 3 = 15 Cartesian pose coordinates. Each of the five pins requires
two scalar point-coincidence conditions, and fixing link 4 adds three pose conditions, for 13
written scalar equations. At the modeled configuration the constraint Jacobian has rank
13, so the local mobility is

Ndof = 15 — rank(J) = 15 — 13 = 2. (2.2)

This is an orientation count, not the derivation of the constraints: equation count alone
does not establish independence, and rank can change at singular configurations. Chapter 5
constructs the residual and evaluates its rank; Chapter 8 uses the resulting two degrees of
freedom when preparing consistent initial motion.

2.8 Summary and transition

The book now has a physical contract for its main case study: five planar rigid links, five
perimeter pins, link 4 fixed horizontally, and gravity as the only baseline load. The double
pendulum remains a separate open-chain example for comparing dynamics formulations.
Chapter 3 defines the Cartesian body coordinates and attachment-point kinematics; Chap-
ter 5 will use them to derive the loop constraints rather than assuming closure from a
diagram.



Chapter 3

Coordinates and Rigid-Body
Kinematics

3.1 State of the Art

Closed-chain mechanisms can be described using a reduced set of independent coordinates
or redundant coordinates together with explicit constraints. Cartesian body coordinates
represent body poses directly, while reduced coordinates can produce smaller equations
but may be difficult to construct globally and may encounter singularities. This focused
review uses the foundational multibody treatment in Shabana; it does not survey recent
algorithmic comparisons of coordinate parameterizations. Bibliographic scope checked
2026-10-07 [2].

3.2 Cartesian coordinates for planar bodies

A planar rigid body has two translational coordinates for its center of mass and one orien-
tation coordinate. For body 4, define

a; = [ri,u,0", a=lal,....q;]". (3.1)
The corresponding velocity and acceleration vectors use the same ordering. For the five-
link example, n = 5 and g € R'5. The mass matrix for center-of-mass coordinates is block
diagonal by body, with each planar block diag(m;, m;, I;); it is constant for rigid bodies
with fixed mass properties.

The Cartesian coordinates are redundant for a mechanism whose motion has fewer de-
grees of freedom than coordinates. This is useful in a closed chain because every body pose
is represented directly and the joint geometry can be imposed with equations. Redundancy
is handled later using ®(g) = 0 and its Jacobian.

3.3 Reference frames and planar rotation

World coordinates use z to the right and y upward. Body orientation 6; is measured
counterclockwise from the world = axis. The rotation taking a body-frame vector to world
coordinates is

cos@; —sin 01-] . (3.2)

sinf; cosb;

A0) = |

12
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This body-orientation convention differs from Chapter 4’s pendulum angles, which are
measured clockwise from the downward vertical. Define each convention where it is used;
do not reuse a symbol with a changed geometric meaning without stating the change.

3.4 World position and velocity of an attachment point

Let s; = [Siz, siy]T be a point fixed in body 4, expressed in body coordinates. Its world
position is

ri(q;) = BZ} + A(0;)s;. (3.3)
Define the planar quarter-turn matrix
0 -1
s=[0 . »
Since 0A/00; = SA, differentiating (3.3) gives
Py = m + ;S A()s;. (3.5)

Thus the point’s Jacobian block with respect to its body’s coordinates is

aTZ'
0q;

= [l SA(6;)si]. (3.6)

This block is the kinematic building unit for the pin constraints in Chapter 5. For a pin
between bodies a and b, the two world attachment points are equated; the corresponding
Jacobian blocks enter with opposite signs.

3.5 Double pendulum: forward and inverse kinematics

Use the angle convention of Chapter 4: 6; and 6, are absolute angles measured clockwise
from downward vertical, while world y points upward. These are open-chain angles, not
the Cartesian body orientations measured from world = above. With fixed pivot O = (0, 0),
let C' be the inter-mass joint and T the tip mass position. Forward kinematics maps the
two angles to these points:

C(0y) = [ l} sm&; } ’
—(1 COS U1 (3 7)
l9sin 6 |
(o) - o+ [ 0% )

Differentiating with respect to the coordinates gives the tip Jacobian and velocity relation

oT l1cosO1 lycosBs . )

JT(q) 8q ll sin 91 lQ sin 92 ) JTqv € JT 162 Sln( 2 1) (3 8)

The determinant vanishes when the two rods are collinear; at those extended or folded

poses, an instantaneous tip velocity cannot be produced uniquely by arbitrary angle rates.
If both mass positions are measured, inverse kinematics is direct. For measured C =

(x1,91) and T = (z2,y2), the model requires |C|| = {1 and ||T — C|| = l2, and then

0, = atan2(x1, —y1), 0y = atan2(xo — x1, —(y2 — y1)). (3.9)
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Here atan2(y, x) denotes the quadrant-aware angle whose cosine and sine are proportional

to (z,y); the swapped arguments above follow from x = Isin6, y = —l cos#.
Often only a desired tip T' = (z,y) is given. Set d = /22 4+ y? and define the unit
vector u = T/d from the pivot to the target, with perpendicular n = [—uy, u,]T. The

first joint C' lies on both circles: radius /3 about O and radius Iy about T'. Resolve C' into
components parallel and perpendicular to u:

2242
a:%, h=1/2—a?, C=autohn, oe{-1,+1}.  (3.10)

Indeed C - u = a and ||C||? = a®> + h? = 13; also | T — C||? = (d — a)> + h? = [3. The
two signs describe the two elbow configurations. For d > 0, a real solution exists only
when |l; — o] < d <11 + lg; equality is a collinear singular configuration where the two
branches meet. If d = 0 and [} = o, the target is the pivot and every first-link direction is
possible, so the unit-vector formula is undefined and the inverse is non-unique. For either
nondegenerate intersection, recover

61 = atan2(Cy, —Cy), 0y = atan2(x — Cy, —(y — Cy)). (3.11)

3.6 Five-link loop: Cartesian and reduced kinematics

For the closed-chain model, the book’s dynamics coordinates remain the redundant Carte-
sian body poses q; = [zi,%:,0;]" from (3.1). The forward map for any body-fixed pin
s; is (3.3); its velocity and Jacobian are (3.5)-(3.6). For pin P, denote the attachment
coordinates on the two bodies by s2° and sgb. Its world gap is

o) = (Pa+A0)se') = (B + AG)s) . pi=loal’.  (312)

Forward kinematics evaluates all five pairs of pin positions from the 15 body coordinates.
A physically closed configuration is one for which every gap is zero. For a pin against
ground, the ground attachment is a fixed world point and its term replaces the second
body point. Chapter 5 assembles these gaps into ®(q) = 0; the equations here define the
geometric map, not a new coordinate choice for the dynamics.

The same loop can also be parameterized geometrically by two link orientations. This
reduced parameterization is useful for position analysis and inverse-kinematics intuition; it
does not replace the Cartesian coordinates in the constrained dynamics. Use a loop-local
frame with Py = (0,0) and Ps5 = (I4,0), and define e(a) = [cosa,sina]l. Choose ay
along link 1 from Ps; to Pio and as along link 5 from Pys to Ps;. The first two moving
pins follow directly:

P51 = P45 + l5€(0¢5), P12 = P51 + lle(al). (313)

Define n(a) = [~sina,cosa]l = de/da. The target pin velocity and its Jacobian with
respect to the independent angle rates are

p12 = J12 |:Z;:| 5 J12 = [lln(al) 157’1,(015)] s det J12 = lll5 sin(a5 — Oq). (3.14)

The target map loses local invertibility when links 1 and 5 are collinear. The remaining
pin Ps3 must be at distance ly from P2 and distance I3 from grounded pin Psy4. Set

d = ||Psy — Pr2||, u = (P34 — P12)/d, and n = [—uy,u;]T. Circle intersection gives
13— 12 + d? /
a = %, h = l%—az, P23 :P12+au+023hn, 093 € {—1,-1—1}.

(3.15)
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The formula giVQS ||P23 — P12||2 = CL2 + h2 = l% and HP34 — P23||2 = (d - CL)2 + h2 = l%
For d > 0, a real assembly requires |lo — I3| < d < Il +l3. At equality, the two circle
branches meet and the middle links are collinear. If d = 0 and Iy = I3, every point on the
common circle is an intersection, a degenerate singular case not covered by the formula.
Each branch sign otherwise selects one of the two possible assemblies of links 2 and 3.

Differentiate the two fixed-length conditions to obtain the middle pin velocity. Let
d2 = P23 - P12 and d3 = P23 - P34. Since P34 is ﬁxed,

dll - dr'p,
Lé] Py = [ 20 12] . (3.16)

This solve determines Py3 when the middle links are not collinear. Its matrix determinant
is the signed-area factor dy x ds, which vanishes when the two middle links straighten or
fold.

To convert the pins back to the 15 Cartesian body coordinates used by the dynamics,
each link center is the midpoint of its ordered endpoints and its body angle is the direction
from its left pin to its right pin:

p1 = 5(Ps1 + Pi2), 61 = atan2((Pr2 — Ps1)y, (Pi2 — Ps1)a),

Py = 5(Pi2 + Pa3), 02 = atan2((Pag — Pra)y, (P23 — Pi2)a),

p3 = 5(Pa3 + P31), 03 = atan2((Psq — Pa3)y, (P3a — Pa3)a), (3.17)
py = 5(Psa+ Pis), 64=0,

ps = %(P45 + Ps1), 05 = atan2((Ps1 — Pus)y, (P51 — Pis)g)-

Thus (a1, as, 023) parameterizes a closed pose, while the constructed 15-vector still obeys
the five pin closures and fixed-link pose. The geometric assembly fails at the circle-
intersection limits, where h = 0 and the two branches merge.

For inverse position analysis, prescribe a target location T' = Pjs for the pin shared by
links 1 and 2. The other two unknown pins are found independently by intersecting two
pairs of circles:

e Py3 is the intersection of radius-ly circle centered at T and radius-I3 circle centered
at Psy.

e Py is the intersection of radius-l; circle centered at T and radius-l5 circle centered
at Pys.

For either pair of centers C,, Cy and radii rq,7p, let d = ||Cp, — Cyl|, u = (Cy, — Cy)/d,
n = [—uy,u;)T, and

2_ .2 72

a= %, h=+\r2—a2,  P=Cy+autohn, oc{-1,+1}. (3.18)
Apply this once for P»3 and once for Ps;. Both center distances must be nonzero for the
formula. The first pair is feasible only if |la — I3| < ||P34 — T'|| < Iz + I3; the second only
if |li —I5| < ||Pis —T|| <11 +15. At a zero center distance with equal radii, the circle
has infinitely many intersections and the pose is degenerate. Otherwise, the independent
signs can produce up to four assemblies. For each feasible pair of intersections, recover all
body poses using (3.17). This is inverse position kinematics for the specified target pin;
a different task point or prescribed orientation gives a different target condition and may
have a different number of solutions.
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3.7 Summary

Forward kinematics maps body poses or independent link coordinates to world points. In-
verse kinematics recovers joint angles or compatible loop assemblies from target positions
and must account for feasibility and branch multiplicity. The double pendulum provides
the simple two-link case; the five-link construction makes the closed-loop assembly branches
explicit while retaining Cartesian body coordinates for dynamics. The next chapter differ-
entiates the five pin gaps and derives the loop Jacobian and its acceleration-level terms.



Chapter 4

Deriving Dynamics and Preparing an
ODE

4.1 State of the Art

The derivation in this chapter follows standard analytical mechanics and uses symbolic
computation as an algebraic aid, not as a replacement for the mechanical model. Gold-
stein et al. provide a foundational analytical-mechanics treatment; SymPy documents the
symbolic differentiation and expression manipulation used by the executable derivation
[18, 19]. The numerical example uses an adaptive initial-value solver whose integration
method, error tolerances, and output sampling are distinct settings [15]. This focused re-
view covers the foundations and software behavior directly used here; it does not survey
recent symbolic multibody generation systems. Bibliographic and software scope checked
2026-10-07.

4.2 Coordinates and modeling assumptions

Consider two point masses m; and my connected by massless rigid rods of lengths [; and
lo. The first pivot is fixed. Rod and pivot friction are neglected, and applied torques are
initially zero. This is an open-chain teaching example: the second mass is not connected
back to ground, so there is no loop-closure constraint or Lagrange multiplier.

Both angles are absolute, positive clockwise from the downward vertical; world y is
positive upward. The generalized coordinate and velocity vectors are

q = [01,62]", (4.1)

g = [01,05)", g =101,0,)". (4.2)

The lengths, masses, and gravity are kept symbolic during derivation and assigned numer-
ical ST values only for integration.
Figure 4.1 uses the same convention as the equations and the validation notebook.

4.3 Deriving the equations with Lagrange’s method

For a system with generalized coordinates q, define the Lagrangian L =T — V|, where T
is kinetic energy and V is potential energy. For each coordinate g;, the Euler-Lagrange

17



CHAPTER 4. DERIVING DYNAMICS AND PREPARING AN ODE 18

Double pendulum: coordinates and fixed parameters

Planar mechanism Model notation

GENERALIZED COORDINATES
q=[61,6,1"
G=161,6,1
G=161,6,)

Angles are absolute, positive clockwise
from the downward vertical.

World y [m]

FIXED PARAMETERS (SI)
m; =1.2kg, m;=0.8kg
h=1m,L=08m

-1.0 g=9.81ms—2

Ideal massless rods; point masses;
unforced motion.

-02 00 02 04 06 08 10
World x [m]

Figure 4.1: Double-pendulum geometry at the initial configuration. Angles are absolute
and positive clockwise from the downward vertical; y is positive upward.

equation with applied generalized force @; is

d (0L oL
— (=) -==0Q. 4.

The derivation proceeds by expressing positions and velocities in terms of g and g, forming
T and V, and applying (4.3). Collect the result as

M(q)q + h’(qa q) = Qext? (44)

where M multiplies the accelerations and h contains velocity-coupling and potential-energy
terms. Here Q.. denotes applied nonconservative generalized forces, such as actuator
torques; gravity is included through V' and therefore appears in h.

4.3.1 Positions, velocities, and energy

The mass positions follow directly from the angle convention:

z1 = Iy sin 91,' y1 = —ly cosb, (4.5)
To =x1 + losinfy, yo = y1 — lo cosbo.
Differentiating with respect to time gives the Cartesian velocities:
jﬁl = ll COS 9191, '1 = ll Sinalél,
Y . (4.6)
To = &1 + locosballa, 1o = 91 + losin 0205.
For clarity, define v; = [i;,7;]7 and 6 = 6; — 63. Squaring the first velocity gives
@2 + g7 = 13(cos? 0 +sin®0,)6? = 126 (4.7)

For the second mass, use vy = v + lz[cos O, sin GQ]TQQ. Expanding the dot product sepa-
rates the two individual speeds from their coupling:

Vo V2 = V1 V] + l%&% + 2l292 (3.31 cos f + 71 sin 92)

. . - 4.8
= 136% 4 1203 + 21115616, cos(0; — 65), 48)
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The last equality follows from cos 61 cos 02 + sin 61 sin 0 = cos(6; — 62). Substituting (4.7)—
(4.8) into T = %mlvl “v1 + %mgvg - Vg gives

1 . 1 . ..
T = §(m1 + mg)l%Q% + 57712[%9% + m211l29192 COS(91 — 92), (4.9)
V = —(mq1 + ma)gly cos 1 — magly cos b, L=T-V. (4.10)

4.3.2 Euler-Lagrange residual and equation extraction

For symbolic derivation, define the left-hand-side residual vector

d (0L oL
=— =) — 5 E = . 4.11

dt (8(]) aq ) cht ( )
To see what is being differentiated, first compute the generalized momenta and the coordi-
nate derivatives of L:

L . .
87. = (m1 + mg)lfel + malils cos d 0o,
06,
L . .
87. = m2l§02 + malylo cos d 01,
g% (4.12)
87 = —mglllgélég sind — (m1 + mg)gll sin 91,
1
L .
87 = m2l1l29192 sind — mgglg sin 92.
005

Because § = 01 — 92, apply the product rule to each momentum:

ii = (m1 + mg)l%l + molilsy |:92 cos d — By sin 5(91 — 92)] s

t 06, (4.13)
d 8L o .. . . . ‘

G g, = b+ mahiy [01 cosd — 6y sin 8(6; — 92)} :

Now subtract the coordinate derivatives in (4_.12). In the first residual the mixed terms
—0102sin§ and 46010, sin§ cancel, leaving +603siné; in the second they cancel, leaving
—6? sind. Thus the two scalar equations are

Ey=(mi+ mg)l%él + malyly cos § By + malyly siné@% + (mq + ma)gly sin6y = 7, (4.14)
Eg = m2l112 COS(Sé1 + mﬂ%éz - m2l1l2 Sinéé% + THleg sin (92 = T9. .

The time derivatives are evaluated by the chain rule, treating q, ¢, and ¢ as symbolic
variables. Because F is affine in ¢, extract

_OE

M(Q)—aiqy

h=F — Mg. (4.15)
Then verify symbolically that E — (Mg+ h) = 0. In the notebook, SymPy performs these
differentiations and simplifications while retaining mq, mso, 1,2, g as symbols. This makes
sign or algebra errors easier to localize before parameter values are substituted.

Let 0 = 61 — 65. The resulting equations are

(m1 +m2)l? malylycosd 6, malily sinéﬁg + (m1 +mo)glisinb| |7 (4.16)
malqly cos § mol3 0y —malyly sin § 62 + magly sin 65 R A
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The leading matrix is the configuration-dependent mass matrix; the remaining vector con-
tains velocity-coupling and gravity terms. The unforced case used below sets 7 = 70 = 0.
The symbolic notebook verifies that its extracted matrix and remainder agree with (4.16).

The torque components are positive in the directions of increasing 61 and 02; because
these angles increase clockwise from downward vertical, this fixes the sign of any later
actuator model. In the present example both are zero. The determinant of the mass
matrix is

det M = mgl%lg [(ml + mg) — mg cos? 5] = mgl%lg (m1 + Mg sin? 5) > 0, (4.17)

for positive masses and nonzero rod lengths. Therefore this model’s acceleration solve is
nousingular at every configuration; this does not imply that every output-velocity inverse
problem is nonsingular, as the tip Jacobian can still lose rank at collinear poses.

4.4 Preparing the first-order ODE

At each state, solve the linear system

M(q)q = Qext - h(qv q) (418)
for ¢; do not explicitly form M~!. Introduce the first-order state
y = [01,02,01,05]", Yy = (01,0, 01,0, (4.19)

The ODE right-hand side therefore has four entries: the two angular velocities followed by
the two accelerations returned by (4.18).
The evaluation order at one solver call is:

1. Read 6,65, 91, ég from the current state y.
2. Evaluate M (q) and h(q, q) using the current angles and angular velocities.

3. Solve M@ = Q. — h as a linear system for the two angular accelerations. Do not
form M~ explicitly.

4. Return [91,92,51,é2}T as y.
This separation matters: the state contains positions and velocities, while the accelerations
are algebraic outputs of the instantaneous dynamics solve.
4.4.1 Language-neutral pseudocode

1. Define symbolic coordinates, velocities, accelerations, physical parameters, and the
angle convention.

2. Derive mass positions and velocities; construct T, V,and L=T - V.
3. Form the Euler-Lagrange residual E and extract M and h.

4. Simplify and assert the symbolic decomposition residual is zero; compare the result
with the displayed equations.

5. Substitute the selected SI parameter values and create numerical evaluators for M
and h.

6. Given (t,y), split y into g and ¢, solve for g, and return ¥.

7. Integrate from the specified initial state; check solver status; compute energy error;
and make the requested plots.
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4.5 Numerical example and energy check

The validation notebook uses m; = 1.2kg, mo = 0.8kg, Iy = 1.0m, Il = 0.8m, and
g = 9.81ms~2. The initial state is [1.1, —0.6, 0, 0]7, with angles in radians and zero initial
angular velocities. It integrates the unforced system on 0 <t < 10s using adaptive RK45,
relative tolerance 10~ absolute tolerance 10~!!, maximum step 0.01s, and 2,001 requested
output times. Those times specify where the solver stores or reports values; they do not
force its internal adaptive steps to occur at those times. These are example settings, not
universal defaults.

Since no torque or dissipation is applied, £ = T + V is conserved in the continuous
model. At each saved state, evaluate

E(t) — E(0)
max(1J, |E(0)])

E(t) =T(q(t),q(t) +V(q(t),  ex(t)= (4.20)
The validated numerical run has maximum absolute scaled energy error max; |eg(t)] =
9.373 x 107?. This checks numerical consistency for this run; it is not proof that the
idealized model represents a physical apparatus. Small energy error also does not guarantee
small long-time phase or trajectory error in a nonlinear system. Figure 4.2 plots both
angles and the signed scaled energy error. As a tolerance and step-size sensitivity check,
the notebook repeats the same initial-value problem with rtol = 10710, atol = 10~'2,
and maximum internal step 0.005s. This run uses 13,136 right-hand-side evaluations,
reduces the maximum scaled energy error to 4.494 x 107'°, and has maximum sampled
state difference 4.736 x 10~ from the baseline. This single refinement supports numerical
sensitivity assessment for this run; it is not a convergence proof or a long-time phase-error

bound.

4.6 From the open-chain example to the five-link closed chain

The double pendulum above has two minimal coordinates: every (61,62) gives a geo-
metrically possible pose. The five-link mechanism is different. Chapter 2 defined its
perimeter loop and grounded link; Chapter 3 introduced Cartesian body coordinates and
attachment-point kinematics. Here those ingredients are combined from pin geometry
through the first-order simulation equation. The derivation follows the canonical notebook
constrained_five_link_dynamics.ipynb; Chapters 5-9 revisit constraints, initialization,
and drift control in detail.

4.6.1 Coordinates, pin locations, and position closure

For body 14, let p; = [z;,y:]” be its center-of-mass position and let ; be its counterclockwise
orientation from world z. Stack the five poses in body order:

q = [Jilay17917332,3/27927 ... 7$57y5795]T € R15' (421)

The symbolic derivation therefore has 15 generalized coordinates and retains the five link
lengths L1, ..., Ls as symbols. The notebook’s fixed reference pose for link 4 is initialized
from its configured numerical pin geometry, then rationalized as a constant in the symbolic
fixed-pose residual; the link lengths themselves remain symbolic. Numerical link lengths
are substituted for the later cross-check and simulation. The rotation matrix and quarter-

turn matrix are
cosf) —sind 0 -1
A(0) = [sinﬁ cosf ] ’ 5= [1 0 ] ‘ (4.22)
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Unforced double-pendulum response
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Figure 4.2: Angles and signed scaled energy error for the 10-second unforced double-
pendulum run. The figure is generated by the validation notebook using the parameters
and solver settings stated in the text.

Every link’s center of mass is at the midpoint of its pin-to-pin segment. Thus the two
local pin offsets of link ¢ are —3L;[1,0]7 and +3L;[1,0]”. In cyclic order the pins are
Pia, Po3, Pay, Pys, Ps1. For example,

P = py ot A Srer, 7 = py— AG) e

()

. @ h e = [1,0]7. (4.23)
ry) = D5+ A(05)Fer, Ty =p — Albh)F e,

The remaining three pairs follow the same right-end-of-first-link, left-end-of-next-link rule.
For every pin, closure requires its two attachment points to coincide. Define each two-
component gap as first-listed attachment minus second-listed attachment and stack the
five gaps, followed by the grounded-pose residual:

_— o1
Bk
BTTH
T3y — T3y
®(q) = rfé) _ rf{? =0. (4.24)
5 1
Tél) - Tél)
Py — pf
04 — 09

There are ten pin-gap components and three fixed-pose components. The notebook sets
63 = 0 so link 4 is horizontal; pJ is its chosen reference center. This gives 13 written scalar
equations, not by itself a proof that all 13 are independent. At the notebook’s modeled
pose, the Jacobian rank is 13 and the local mobility is 15 — 13 = 2.
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Expanding the five point differences gives the notebook’s complete 13-entry symbolic
residual. Here ¢; = cosf; and s; = sin6;:

-:Bl — X9 + %Llcl + %LQCQ-
Y1 —y2 + 3L151 4+ 3L2s2
xy — x5+ 5Laco + 3L3cs
Yo —y3 + 5L2s2 + 3 L3s3
T3 — T4 + %LgCg + %L4C4
Y3 — ya + 5L3s3 + 3L4s4
®(q) = |24 — x5+ LLycs + SLscs| = 0. (4.25)
Ya — Y5 + 5Lasa + 5Ls585
x5 — 71 + 3Lscs + 5L1cy
ys —y1 + 5Ls585 + 5L151

T4 — 2

0
Y4 — Yy
94—92

In the configured notebook example, (29,43, 609) = (0, —0.4m,0), so the last three entries
specialize to x4, y4 + 0.4m, and 64. The symbolic link lengths remain Lq,..., Ls; those
example reference coordinates are not link-length substitutions.

The full 13 x 15 Jacobian from the notebook can be written sparsely in 3-column body
blocks. Define the endpoint Jacobians for a right and left pin of body ¢ by

1 0 —iLs; 1 0 LiLs
+ = 2% - = 2, i%

The first ten rows are the ordered pin residual Jacobians, and the last three rows ground
link 4:

(B -By 0 0 0
0 Bf -B;y 0 0
0 0 Bf -B; 0
0 0 0 Bf -Bj

-B; 0 0 0 B
0 0 0 I3 0

Each displayed pin row is a two-row block; thus the five pin blocks contribute ten rows

and the grounding block contributes three. This block form is the same sparse matrix as

0®/0q, but exposes which bodies each pin couples.

€ RI3X15, (4.27)

4.6.2 Differentiate closure to obtain velocity and acceleration conditions
For a body-fixed point s; on body 4, its world position is r; = p; + A(6;)s;. Differentiating
A gives 0A/00 = S A, so

7"1‘ = pl + QZSA(@)SZ, ’r’z = pz + 915./48Z - 912148z (4.28)

The last term is centripetal acceleration of the rotating offset. For one pin residual r, — 7y,
its Jacobian has the body blocks

Jo= 1[I SA(0.)sa],  Jo=—[Ir SA(6)ss), (4.29)
with zeros in all other body columns. The three fixed-pose rows select (x4, y4,64), so their
Jacobian block is I3. Stacking all rows gives

0P

J(q) = %0 e RI3*15, d=Jg=0. (4.30)
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Differentiate once more: .
Jg+Jqg=0. (4.31)

Because fixed-pose rows are linear, their contribution to J¢ is zero. For a pin gap, only
the rotating attachment offsets contribute curvature:

Yoo = (J@)ap = —02A(04)54 + 02 A(6)) 55, (4.32)

The signs match the residual convention: the first attachment enters positively and the
second negatively. This acceleration bias is determined by geometry and velocity; it is not
a gravity or applied-force term.

4.6.3 Energies and ideal multiplier equations

With each origin at a body center of mass, the kinetic and gravitational potential energies
are

5 5
1 . : ; L, .
=5 ; [mz(l‘? +97) + L6 | = §qTMqv V= ;migyia (4.33)
where
. ov
M:dlag(ml,ml,fl,...,m5,m5,I5), Qg:—ai. (434)
q
The symbolic notebook’s diagonal mass matrix and expanded energies are therefore
M = diag(mb my, Ila ma,ma, 127 ms,ms, 137 mg, My, 147 ms,ms, 15)’ (435)
T, sy 1 1
T=3 ; LOF + 5ma (31 + 97) + 5ma(i3 + 93)
(4.36)

1 . . 1 . . 1 . .
+5ma (5 +95) + gmal@d + 91) + 5ms (35 + 55),

V = g(miy1 + mays + mays + mays + msys).

Differentiating V' with respect to the coordinate order in (4.21) gives the full generalized
gravity vector

Q,= |—gms| . (4.37)

—gms
0

Since these are center-of-mass coordinates and the bodies are rigid with fixed mass prop-
erties, M is constant and there is no velocity-dependent inertial bias. With no non-

gravitational loads, Q.. = Q4 Ideal pin and support reactions do virtual work only
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in directions prohibited by the constraints; in redundant coordinates represent their gener-
alized force by JTA. Lagrange’s equations become

Mq + JT)‘ = Qtotab Jq = -7 (438)

The first line is 15 force-balance equations. The second line supplies 13 acceleration-
compatibility equations. Together they determine 15 accelerations and 13 multipliers:

5 o (=[5 o

This is a 28 x 28 saddle-point solve. The lower rows are ideal acceleration constraints; no
numerical stabilization gains have been included. Multiplier signs depend on the chosen gap
order, but the physical reaction is unchanged when the residual and multiplier conventions
are transformed consistently.

4.6.4 From the KKT solve to an ODE, and why closure drifts

If the state is y = [¢7,¢"]" € R3, solve (4.39) at each right-hand-side evaluation and
return )
= m . (4.40)
q
This is an ODE reformulation of the acceleration-level constrained problem, not a direct
integration of all position-level algebraic equations by a DAE solver. In exact arithmetic, if
initially ® = 0 and Jg = 0, the ideal acceleration equation keeps their time derivatives zero.
A standard ODE stepper, however, controls estimated local state error; it does not project
the accepted state back onto either constraint manifold. Truncation and roundoff errors
can therefore leave nonzero ® or Jq. The ideal acceleration equation supplies no restor-
ing feedback for those position/velocity errors: an off-manifold state is not automatically
drawn back to the correct closed configuration. The errors may persist or accumulate, and
the resulting pose can become physically inconsistent even while the ODE solver reports
success.

Thus “ODE divergence” here should not be read as an inevitable blow-up of every
trajectory. The common failure is constraint drift or loss of accuracy, not necessarily un-
bounded coordinates. Small ODE tolerances alone do not guarantee small closure residuals,
especially when the residual components have different scales or the Jacobian is poorly con-
ditioned near a singular pose. A dedicated DAE method, position/velocity projection, or
stabilization such as Baumgarte feedback can address drift in different ways; each has its
own accuracy, conditioning, and stability tradeoffs. The notebook uses one initial projec-
tion and a Baumgarte-modified acceleration solve, then tracks pin closure, grounded trans-
lation and angle errors, and the corresponding velocity residuals separately throughout the
trajectory. Chapters 8 and 9 treat consistent initialization and drift control separately.

For the notebook’s baseline ten-second run, the maximum pin-position and pin-velocity
residuals over saved states are 1.108 x 107? m and 1.247 x 107" ms~!. Grounded-link trans-
lation and angle errors are at most 1.333x 107" m and 3.031x 1079 rad; its translation-rate
and angular-rate residuals are at most 1.092x 10~ ms™! and 1.648 x 1017 s~!. These are
outcomes for the stated geometry, gains, solver, and tolerances, not universal thresholds
or a proof of physical validity.
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4.7 Summary and transition

The chapter has now followed two models through dynamics construction. The double pen-
dulum shows the compact minimal-coordinate Lagrange route; the five-link model shows
how Cartesian body coordinates, pin closure, differentiated constraints, and ideal reac-
tion multipliers combine in a KKT acceleration solve. The latter can be supplied to an
ODE integrator, but ordinary ODE error control alone does not preserve algebraic closure.
Chapters 5-9 develop the constraint equations, consistent initialization, and drift-control
choices in detail.



Chapter 5

Joint Constraints and Loop Closure

5.1 State of the Art

Closed-chain kinematics can be represented by holonomic equations requiring connected
attachment points to coincide. Redundant Cartesian coordinates make these equations
direct to assemble, while reduced-coordinate methods encode closure relations in the co-
ordinates themselves. The choice depends on topology and singularity behavior [2]. This
focused review is limited to the foundational formulation and rank interpretation used
in the example; it does not compare recent loop-closure algorithms. Bibliographic scope
checked 2026-10-07.

5.2 Revolute-pin constraint

A planar revolute pin joins one point fixed in body a to one point fixed in body b. Let s,
and s, be the respective body-frame attachment coordinates. Using the point map from
Chapter 3, the world positions are

e =P, + A(0s)Sa, ry = Py + A(6p) s, (5.1)
where p; = [z;,y;]T. Coincidence of the points gives the two scalar holonomic constraints

®.(q) = ra(q) — T1(q) = 0. (5.2)

The sign convention here is first body minus second body. Reversing the residual sign is
equivalent if the Jacobian and multiplier convention are changed consistently.
The Jacobian of this pin residual has nonzero blocks only for the two connected bodies:

0B, 0B,
8qa 8Qb

These blocks follow by differentiating the attachment-point positions with respect to each
body’s (z,y,0) coordinates.

[IQ SA(GQ)SQ] N — [IQ SA(Gb)Sb] . (53)

5.3 Grounding and assembling the loop

Fixing a planar rigid body at reference pose gj, contributes three scalar constraints:

Dy (@) = |y | — g =0. (5.4)
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For the five-link example, the pin graph is the perimeter cycle
(1,2), (2,3), (3,4), (4,5), (5,1), (5.5)

and link 4 is grounded at its initial horizontal pose. Stack the five two-component pin
residuals and the three fixed-pose residuals, in a documented row order, to form

®(q) = [®],, P1;, L, ®1;, 1, BL )7 =0. (5.6)

This vector has 13 scalar entries: ten from pins and three from grounding. The mechanism
has 15 Cartesian coordinates, but the number of constraint entries alone does not establish
the number of independent constraints.

5.3.1 Assembly procedure used by the symbolic model

The canonical five-link notebook keeps the link lengths symbolic while constructing the
residual and Jacobian. With every body frame at its center of mass and aligned with
its link, the left and right attachment coordinates of link ¢ are —%Liex and +%Lie$. The
following procedure describes the complete assembly without depending on a programming
language:

1. Order body coordinates as (z;,v;,0;) for i = 1,...,5; define the cyclic pin list
(17 2)7 (2’ 3)7 (37 4)7 (47 5)’ (57 1)

2. For each listed pin, map the right endpoint of the first link and the left endpoint
of the second link into world coordinates using (5.1); append their two-component
difference to P.

3. Append the three residuals fixing the center position and orientation of link 4 to its
reference pose.

4. Differentiate the assembled residual symbolically with respect to all 15 coordinates
to form J = 0®/0q. Keep Lq,...,Ls symbolic rather than substituting rounded
geometric lengths.

5. Check that ® has 13 entries and J has dimensions 13 x 15. At a projected repre-
sentative pose, evaluate rank(J) and confirm the expected local rank before using
15 — rank(J) as the mobility.

The notebook also constructs the same residual and Jacobian in a numerical kinematics
class. Evaluating both implementations at the same projected state checks endpoint order-
ing, residual signs, and the fixed-link rows independently of the symbolic differentiation.
The demonstrated differences are below 3.4 x 10716 for @ and 2.3 x 10716 for J at that
state; these are implementation checks for this pose, not general conditioning guarantees.

5.4 Constraint Jacobian, rank, and local mobility

Differentiate the residual vector with respect to generalized coordinates:

0%

Ta) =5 (5.7)

At a regular configuration, local mobility is the number of coordinates minus the Jacobian
rank:

Ndof = Ng — rank J(q). (5.8)
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For the notebook’s selected pose, n, = 15 and rankJ = 13, giving two local degrees of
freedom. This rank statement applies at the evaluated pose; singular configurations can
change the rank and hence the local mobility. The SymPy derivation retains link lengths
symbolically, while the notebook numerically evaluates rank at the chosen geometry.

5.5 Summary and transition

Each planar pin contributes two point-coincidence equations, and grounding one body
contributes three pose equations. Stacking the five perimeter pins and the ground con-
straints defines ®(q) = 0; the Jacobian rank, not equation count alone, determines local
mobility. The next chapter differentiates these position constraints to obtain velocity and
acceleration compatibility.



Chapter 6

Constraint Velocities and
Accelerations

6.1 State of the Art

Constraint kinematics follow by differentiating holonomic position equations. Evaluation
of the acceleration bias and Jacobian derivatives is important for simulation and reaction-
force calculations [2]. This focused review uses the standard analytical derivative hierarchy
for the planar pin model; it does not compare automatic-differentiation or recursive imple-
mentations. Bibliographic scope checked 2026-10-07.

6.2 Position constraints imply velocity constraints

Begin with the assembled holonomic equations
®(q) =0. (6.1)

Define the constraint Jacobian J(gq) = 0®/0q. Differentiating (6.1) with respect to time
gives '
& = J(q)qg=0. (6.2)

The admissible generalized velocities therefore lie in the null space of J. At a regular
configuration, that null space has dimension n, — rank(J), equal to the local mobility.

6.3 Acceleration constraints and curvature terms

Differentiate (6.2) again. Because J depends on configuration, its time derivative con-
tributes: ) .
®=J(q)q+J(q,4)q=0. (6.3)

The vector Jq is sometimes called the acceleration bias or curvature term. It is generally
nonzero even though the position constraints are homogeneous and time-independent.

For a point fixed in a rotating planar body, write its body-frame offset as s and let
p = A(0)s be the rotated offset. Since p = 0Sp, its world acceleration is

P =p+0Sp—6°p. (6.4)

The last term is centripetal acceleration. For a pin residual r, — 7y, take the signed
difference of the two attached-point accelerations. The terms multiplying translational

30
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and angular accelerations form Jgq; the remaining squared-angular-speed terms form Jq.
Fixed-pose constraints are linear in the coordinates and contribute no curvature term. If
P, = A(04)sq and p, = A(0y)s; are the world attachment offsets, the two-component pin
bias is ' '

Yab = _9z2zpa + egpb (65)
The signs follow from subtracting the centripetal terms —912 p; in the two point accelerations
according to the first-body-minus-second-body residual convention.

6.4 Five-link constraint derivative hierarchy

For the five-link model, the complete hierarchy is

position: ®(q) =0,
(9)g =0, (6.6)
)

velocity: J
acceleration: J(q)q +~(g,q) =0,

where v = Jg. The symbolic notebook derives this term by differentiating the velocity-level
equations; the numerical model independently computes the same centripetal contributions.
Their agreement is checked at the projected initial state before integration. The notebook
computes it in two independent ways. Symbolically, form ® = Jgq, differentiate with
respect to g and multiply by ¢; this is the part of the total derivative that excludes Jgq.
Numerically, evaluate (6.5) for each pin and append zeros for the fixed-pose rows. Compare
these vectors at the same consistent state before integration. At the notebook’s projected
initial state, the maximum component difference is 4.337 x 10719,

For the symbolic notebook’s midpoint links, each pin residual joins the right endpoint
of link 7 to the left endpoint of link j. Write ¢; = cos#;, s; = sinf;, and w; = (91 The 13
ideal acceleration residuals, ordered as the two rows for each pin followed by the grounded
pose, are

12,0 = T1 — T2 — 71(0181 + w%cl) — 72(9282 + LU%CQ) =0,
T2y = Y1 — Y2 + 71(9161 —wisy) + 72(9202 — w3sy) =0,

) B Lo . La .
93z = L2 — XT3 — *2(9282 + w%@) - *3(9333 + W§CS) =0,

2 2
.. . Lo .. La .
To3y = Y2 — Y3+ 72(9202 —w3se) + 7‘3(0303 — w3s3) =0,
Ls

. -- Ly,
T340 = T3 — T4 — ((9383 + w;%Cg) — 7(9484 + wia;) =0,

2
I Li .
T34,y = U3 — Ya + 73(9363 — w3s3) + 74(9404 —wisy) =0, (6.7)

) B L . Le ..
T450 = T4 — T5 — 74(9484 + wia;) - 75(9555 + w§05) =0,

N Le .
T45y = Ya — Y5 + 74(9404 —wisy) + 75(0505 — wiss) =0,

Ls

T51p = &5 — &1 — 5

. Ly .
(0555 + w%%) — 71(9181 + w%cl) =0,

. . Ls, Ly .
Ts1y = U5 — 1 + 7(9565 — wiss) + 7(9161 —wisy) =0,

Tgx = fL"4 = 0, Tgy = jj4 = 0, Tg0 = 94 =0.
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Collecting these entries gives exactly J G+ Jq = 0. The terms proportional to ; come from
tangential acceleration of the endpoint offsets; the w? terms are centripetal contributions.
In the notebook’s stabilized solve, Baumgarte feedback is formed over the full 13-entry
residual, including the three grounded-pose rows. Those final three correction terms are
zero while link 4 remains exactly at its reference pose with zero velocity; they are not
omitted from the formula.

Equation (6.3) supplies the kinematic equations needed to determine accelerations com-
patible with loop closure. In the next chapter, these equations are coupled to force balance,
with Lagrange multipliers representing ideal joint reactions.

6.5 Summary

Differentiating holonomic constraints produces velocity compatibility and then acceleration
compatibility. The acceleration equation contains both the unknown generalized accelera-
tions and the configuration/velocity-dependent bias term. Omitting that term would fail
to enforce the actual acceleration of rotating pin locations.



Chapter 7

Closed-Chain Dynamics and
Reaction Forces

7.1 State of the Art

Constrained multibody formulations combine rigid-body force balance with algebraic joint
constraints. Lagrange multipliers represent ideal reactions when redundant coordinates
are retained [2]. The resulting saddle-point equations are related to differential-algebraic
formulations, whose numerical treatment depends on consistency and solver choices [5].
This focused review covers the standard multiplier formulation and its DAE context; it
does not benchmark current constrained-dynamics algorithms. Bibliographic scope checked
2026-10-07.

7.2 Force balance for Cartesian rigid bodies

For the five-link model, each planar body is described by its center-of-mass coordinates
and orientation. With constant mass and planar inertia, the mass matrix is

M:diag(ml,ml,ll,...,m5,m5,I5). (71)

In these center-of-mass coordinates, the kinetic energy is quadratic with constant M, so
there is no velocity-dependent inertial bias in the unconstrained force-balance equations.

Let Q. denote applied generalized forces other than gravity, and let V(q) be the
gravitational potential. The gravitational generalized force is

Qg = 57 Qotal = Qext + Qg' (72)

For example, with y; positive upward, V' = ). m;gy; and each vertical force component is
—m;g.

Without constraints, force balance would be Mg = Q.- Joint reactions must be
added so the accelerations also satisfy loop closure.

7.3 Lagrange multipliers as ideal reactions

Let ®(q) = 0 be the vector of holonomic pin and fixed-pose constraints, with Jacobian
J = 0®/0q. Under the sign convention used in this book, the generalized ideal reaction

33



CHAPTER 7. CLOSED-CHAIN DYNAMICS AND REACTION FORCES 34

force is JTX. The equations of motion are therefore
Mq + JT)‘ = Qtotal' (73)

The multiplier vector contains two components for each planar pin and three components
for the grounded pose. Its entries depend on the chosen residual signs and row ordering;
the physical reactions are unchanged if conventions are transformed consistently.

The acceleration constraints from Chapter 6 are

Jg+~(q,q4) =0, ~=Jg. (7.4)

Equations (7.3) and (7.4) determine both the body accelerations and the constraint reac-
tions.

7.4 Acceleration-level KKT system

Stacking force balance and acceleration compatibility gives the saddle-point system

- (o]

For five planar bodies there are 15 acceleration unknowns; the 13 multipliers give 28 total
unknowns. With positive masses and inertias, M is positive definite. If J has full row rank
at the configuration, the ideal KKT matrix is nonsingular; dependent constraint rows or
singular configurations require diagnosis or a suitable rank-revealing/reduced treatment.
For comparison with the notebook’s symbolic residual, order the multipliers as (A1, A2)
for Pia, (A3, Ag) for Pas, (A5, Ag) for Psa, (A7, As) for Pys, (Mg, A1o) for Ps1, and (A11, A2, A13)
for the fixed x4, y4, 04 pose. With ¢; = cos#; and s; = sin §;, the upper block Mg+ JTX —
Q, = 0 is the following set of 15 scalar body equations:
body 1: miZ1 + A1 — Ag =0,
mag1 + gmi — Ao + A2 =0,
Ilél — %Ll)\lsl + %Ll)\locl + %Ll)\gcl — %Ll)\gsl =0,
body 2: maia — A1 + A3 =0,
mafa + gma — A2 + Aq = 0,
Izég — %Lg)\lsg + %LQ}\QCQ — %Lg)\382 + %LQ}\462 =0,
body 3: masis — A3+ A5 =0,
m3ijs + gmsz — Ay + A¢ = 0, (7.6)
Igég — %Lg)\gSg + %Lg)\463 — %Lg)\583 + %Lg)\603 =0,
body 4: myZs+ A1 — A5+ A7 =0,
mafa + gma + A2 — Ag + As = 0,
I4é4 + 13 — %L4)\5$4 + %L4)\604 — %L4)\7S4 + %L4)\804 =0,
body 5: msis — A7 + Ag = 0,
msijs + gms — Ag + Ao = 0,
I5é5 — %L5)\7S5 + %L5)\865 — %L5)\985 + %L5)\10€5 = 0.
The first two equations for each body are translational force balance; the third is moment
balance about its center of mass. The three extra multipliers act only on the grounded

link’s pose rows. Together these scalar equations are exactly the upper 15 rows of (7.5);
the lower 13 rows are the expanded acceleration residuals in Chapter 6.
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7.4.1 Symbolic assembly and one constrained solve

The notebook keeps my, I;, L;, and g symbolic while constructing the model. Its diagonal
mass matrix follows the coordinate order (x;,y;, 6;), and gravity contributes only to trans-
lational vertical entries. The following algorithm separates exact derivation from numerical
evaluation:

1. Create symbolic vectors q, q, g in body order, and symbolic arrays for five masses,
inertias, and link lengths.

2. Assemble M = diag(mi,m1,I1,...,ms,ms,I5) and V = . m;gy;; differentiate to
obtain Q, = —9V/dq.

3. Import ® and J from the pin geometry. Form ~ = Jq by differentiating J¢g and
removing its Jg contribution.

4. Define 13 multipliers in the same row order as ®. Assemble the 28-by-28 matrix
in (7.5) and its right-hand side [QL.,, —7T]".

5. Before solving, check rank(J) = 13 at the current pose. Solve simultaneously for
15 accelerations and 13 multipliers; do not eliminate reaction rows by assuming the
coordinates are independent.

6. Evaluate the force residual Mg + J'X — Q. and the ideal acceleration residual
Jq + «. Require both to be small relative to the chosen numerical scales.

In the numerical notebook, the mass, inertia, and link-length substitutions are performed
only after the symbolic expressions have been formed. Because a raw infinity norm over
all 15 force-balance rows mixes newtons and newton-metres, the initial solve is reported
by component family: the maximum translational force residual is 1.998 x 1075 N, and
the maximum moment residual is 4.663 x 107> Nm. These check the linear solve at that
state; the separate trajectory checks are needed to assess integration behavior.

The multipliers enforce ideal reaction forces; they are not extra physical state coordi-
nates. The full constrained model also includes the algebraic position equation ®(q) = 0,
so the dynamics form a DAE. Solving (7.5) at each state evaluation yields accelerations
compatible with the acceleration constraints, but numerical integration still needs consis-
tent initial data and may require drift control.

7.5 Ideal equations and numerical stabilization

Equation (7.5) uses the ideal acceleration constraint. Baumgarte stabilization modifies the
constraint right-hand side by feeding back position and velocity errors. Such terms belong
to the numerical integration formulation, not to the ideal force balance or physical applied
loads. Chapter 9 compares that choice with projection, direct DAE integration, coordinate
reduction, and penalty approaches.

7.6 Summary

The closed-chain acceleration solve couples rigid-body force balance to acceleration com-
patibility. Lagrange multipliers encode ideal joint reactions, while the lower KKT block
enforces the differentiated loop constraints. The next chapter prepares position and veloc-
ity initial data consistent with the constraint manifold.



Chapter 8

Consistent Initial Conditions

8.1 State of the Art

Constrained dynamics requires initial data compatible with its algebraic constraints. Pro-
jection corrects approximate positions and velocities toward the constraint manifold, while
DAE formulations can impose additional consistency requirements [2, 5]. This focused
review covers the geometric and numerical consistency requirements used in the example;
it does not compare projection algorithms or DAE packages. Bibliographic scope checked
2026-10-07.

8.2 Position and velocity consistency
For the closed-chain model, the initial position g, must satisfy

B(qp) = 0. (8.1)
The initial velocity must be tangent to the constraint manifold:

J(q0)do = 0. (82)

Thus, a configuration can satisfy all pin positions while a proposed velocity still separates
one or more pins. Both checks are needed before integration.

Initial acceleration is not an independent initial datum in this acceleration-level for-
mulation. Once g, and g, are consistent, solve the equations of motion and acceleration
constraint to obtain g, and the reactions Ag.

8.3 Projection of approximate initial data

In practice, geometry may be specified approximately. Starting from a trial position g,
linearize the residual and choose a correction Ag,, satisfying

J(qr)Aqy =~ —®(qy), Q11 = q; + Agy. (8.3)

Because the system uses redundant coordinates, the correction is not unique. A least-
squares solve can select a minimum-norm correction; repeat the linearization until the
position residual meets a stated tolerance or report failure to converge. Check that the
Jacobian has the expected rank before interpreting this correction as a regular projection.
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After obtaining a consistent position, correct a trial velocity @y, by solving

J(q0)Aq = —J (o) Gtriars qp = Quia + AQ. (8.4)

Again, a least-squares solution selects one admissible correction, not a unique physical
choice. If initial velocities have physical meaning, choose a correction criterion that pre-
serves the intended motion as closely as possible.

8.3.1 Imitialization algorithm
The notebook projects only the initial state. Its operation can be summarized as follows:

1. Form a geometric position guess from the specified pins, compute B( ) and

J(Qguess)> and verify that J has the expected row rank.

q guess

2. While ||®(q),)||cc exceeds the position tolerance, solve the minimum-norm least-
squares correction J(q;)Aq, ~ —®(q;) and update g, = g, + Agy.

3. Stop with a reported failure if the residual does not reach tolerance within the itera-
tion limit; do not silently pass an inconsistent pose to the integrator.

4. At the corrected position, evaluate J and solve the minimum-norm velocity correction
JAG = —J G- Set 4o = Qrial T Aq.

5. Check both || ®(qg)llc and ||J(qp)dollcc- Then solve the constrained acceleration
equations once and check force-balance and acceleration-constraint residuals before
starting the trajectory integration.

For the notebook’s projected initial state, the raw pin position residual is 4.441 x 10716 m,
grounded translation error is zero, and grounded angle error is zero. The pin velocity
residual is 4.718 x 1071 m s~!; the grounded translation-rate and angular-rate residuals are
1.561 x 107" ms™! and 1.648 x 10717 s~ respectively. These values verify that particular
initialization; tolerances should be selected relative to units and model scales in other
applications.

8.4 Checks before integration

Before starting the solver, evaluate ||®(qg)||oo and ||J(g¢)golloo- Confirm the Jacobian rank
expected for the selected configuration, then solve the constrained acceleration equations
and check both force-balance and acceleration-constraint residuals. Tolerances should be
reported with units and interpreted relative to the model scales; there is no universal
projection tolerance for every mechanism.

In the five-link notebook, position and velocity projection are performed on the initial
guess before integration. Projection is not applied after every time step in that example;
subsequent drift is controlled by the selected Baumgarte term and monitored separately.

8.5 Summary and transition

Consistent initialization requires position closure and tangent velocity. Acceleration follows
from the constrained equations. Projection offers a practical correction for approximate
initial data, but its nonuniqueness and rank assumptions should be stated. With an ad-
missible initial state prepared, the next chapter considers time integration and constraint
drift.



Chapter 9

Time Integration and Constraint
Drift

9.1 State of the Art

Constrained mechanical models can be integrated as differential-algebraic equations, re-
duced to independent coordinates, or converted into an ordinary differential equation us-
ing differentiated constraints. These choices interact with time-stepping and drift control
but are not the same decision. Baumgarte’s feedback method modifies the acceleration
constraint, while projection methods correct a numerical state back toward the constraint
manifold [8, 5]. Structure-preserving integration provides another important perspective
for long-time simulation, though it does not by itself select a loop-constraint treatment [12].
This is a focused orientation based on these foundational sources and the SciPy 1.18.1 docu-
mentation accessed 2026-10-07, not an exhaustive review of current constrained-mechanics
solvers.

9.2 Separate the model from the stepper

The ideal closed-chain equations are

M(q)i+ J(@)"'A = Q(a, 4, 1), (9.1)
®(q) = 0.
They are a differential-algebraic system. Differentiating the constraint twice yields
J(@)i = —J(q,9)q- (9.3)

Solving this acceleration-level saddle-point system at each state evaluation determines §
and \. Returning [g, §] then defines an ODE for the state y = [g,¢]”, but integration error
can still move the state away from ® = 0 and J¢ = 0. It is therefore important to report
both the chosen differential formulation and the time integrator.

9.3 Drift control

9.3.1 Baumgarte stabilization

Let ® be the position residual. Baumgarte stabilization prescribes a damped second-order

error equation, . .
@—FQCUJB(I)-FUJ%@ =0, (9'4)
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where ¢ > 0 and wp > 0 are numerical gains. Using ® = J¢ gives the stabilized acceleration
constraint .
Jij=—Jj—2wpJq— whd. (9.5)

The last two terms are feedback corrections, not physical forces or part of the ideal model.
Increasing wp may improve constraint-error decay but also introduce fast time scales and
stiffness. Gains must be evaluated with the integration method and residuals, not selected
from a universal rule.

9.3.2 Projection

Position projection solves a nonlinear correction problem that returns ¢ toward ®(q) = 0.
A local least-norm correction satisfies

J(ge)Ag = —P(qr),  qr+1 =gk + Ag. (9.6)

Velocity projection at a corrected position similarly solves JA¢ = —J¢. Projection may
be used for initialization or after accepted integration steps. It changes the numerical
state and can affect invariants; its frequency and norm should be reported. The notebook
projects only the initial position and velocity, not every later state.

9.3.3 Other formulations

Coordinate reduction eliminates dependent coordinates and constraints locally, but requires
a suitable parameterization and may become singular or cumbersome as the mechanism
changes configuration. Penalty methods replace exact constraints with stiff forces propor-
tional to constraint error; they avoid explicit multipliers but introduce penalty parameters
and potentially severe stiffness. A DAE solver treats algebraic constraints as part of the
integrated problem and has solver-specific consistency requirements. These are formulation
choices; each can be paired with different time discretizations. DAE solver theory and stiff
integration are treated by Ascher and Petzold and by Hairer and Wanner |5, 6].

9.4 Time-stepper and tolerances

For the demonstration, the acceleration solve with Baumgarte feedback defines an ODE
integrated by SciPy solve_ivp. Its default method is RK45, an explicit Runge-Kutta
method of order 5(4). Relative and absolute tolerances control local error estimates, while
max_step bounds accepted step size; t_eval specifies stored output times and does not
force internal steps at those points [15]. Explicit Runge-Kutta methods are appropriate
first choices for non-stiff problems; the documentation recommends implicit methods such
as Radau or BDF when stiffness is present. A Baumgarte gain that creates fast correction
dynamics may require a stiff solver or a different drift treatment.

For the five-link run, the Baumgarte settings are ( = 1 and wp = 20s~'. The ODE
solver uses relative tolerance 1078, absolute tolerance 10710, and maximum step 0.01s
over ten seconds. These are reproducible example settings, not a claim of optimality.
A numerical study should vary tolerances, maximum step, and stabilization gains and
compare constraint errors and quantities of interest.
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9.5 Algorithmic outline

1. Project approximate initial positions onto ®(gq) = 0, then project velocities onto
J(q)g = 0.

2. At each state evaluation, compute ®, J, jq', and the applied generalized forces.
3. Solve the stabilized KKT system for acceleration and multipliers.

4. Return the state derivative formed by the generalized velocity and the solved accel-
eration.

5. Integrate with an adaptive solver and record status, tolerances, solver evaluations,
and saved output times.

6. Independently evaluate position and velocity constraint residuals along the trajectory;
adjust the method only after inspecting those diagnostics.

9.5.1 Notebook execution sequence

The canonical five-link notebook implements the above as an ODE right-hand side. Written
without language-specific syntax, one evaluation proceeds as follows:

1. Split y = [¢7, ¢"]" into the 15 generalized positions and 15 velocities.

2. Evaluate ®(q), J(¢), 7(¢,¢) = Jg, and check that J has the expected rank 13. Stop
with a diagnostic if the constraints lose rank.

3. Form the stabilized lower-block right-hand side

e = —y — 2CwpJ{ — wh®. (9.7)

4. Solve the block system with M, JT, J, and a zero lower-right block for G and ), using
QL. .;,7L]T as its right-hand side.

5. Return § = [¢7,§7]7. The multipliers are algebraic outputs, not additional inte-
grated state variables.

For the recorded baseline, the initial state is projected once and then integrated for
10s with RK45, relative tolerance 1078, absolute tolerance 107!°, and maximum inter-
nal step 0.01s. The solver is asked to save 2,001 evenly spaced output samples; those
requested times do not force its internal adaptive steps. After the run, compute ||®(gx)| oo,
IlJ(qx)dk|loo, and grounded-pose error at every saved state, and record solver status and
RHS evaluation count. The notebook then repeats the initial-value problem with tighter
tolerances and with wp reduced from 20 to 10s~!, comparing residual maxima and maxi-
mum coordinate difference from baseline. These repeats are sensitivity checks, not a formal
convergence proof.

9.6 Summary

Constraint enforcement, drift control, and time integration are separate choices. This
book’s example uses an acceleration-level KK'T solve, initial projection, Baumgarte feed-
back, and adaptive RK45. The next chapter turns these choices into a verification and
validation plan.



Chapter 10

Verification and Validation

10.1 State of the Art

Verification asks whether a computational model and its implementation correctly solve the
equations they claim to solve; validation asks whether those equations adequately represent
the physical system for an intended use. Both require documented evidence, but they
answer different questions. A general treatment of verification and validation in scientific
computing is given by Oberkampf and Roy [16]; reproducible computational research also
depends on recording data, code, parameters, and software context [17]. This focused
review uses these foundational sources, checked 2026-10-07; it is a practical checklist, not
a survey of domain-specific experimental standards.

10.2 Verification layers

10.2.1 Symbolic and equation checks

Before numerical integration, verify coordinate order, dimensions, force signs, and con-
straint row order. For the five-link model, the symbolic residual vector includes ten pin
equations and three fixed-pose equations. Differentiation produces J = 0®/0q and the
acceleration bias J¢. These expressions are evaluated at a common state and compared
against the independent numerical implementation. The symbolic ideal acceleration con-
straint and force-balance residuals should simplify or evaluate to zero within arithmetic
precision.
The notebook applies these checks in this order:

1. Keep my, I;, L;, g symbolic while constructing T, V, ®, J, and jq'; verify that the ex-
pressions contain no floating-point coefficients and that each L; remains present in
the relevant geometry.

2. Check dimensions: ¢, ¢, ¢ € R, &, \, J§ € R™, and the KKT matrix is 28 x 28.

3. At one common projected state, substitute numerical values into the symbolic model
and compare @, J, and J¢ elementwise with the separately written numerical geom-
etry routines.

4. Solve the KKT system and compute ry = Mq + J'N—Q and r, = Jj+ Jg for
the ideal system, or the matching stabilized residual when stabilization is enabled.
Report translational force rows in newtons separately from rotational moment rows
in newton-metres.
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For this derivation the symbolic model reports 15 coordinates, symbolic lengths Ly, ..., Ls,
ten pin rows, and three fixed-pose rows. Its exact-symbol check confirms that no floating-
point coefficients have entered ®, J, M, T, V, or Qg; the ideal 28-by-28 KKT system
contains no Baumgarte gains, which occur only in the separate stabilized constraint. These
checks ensure numerical geometry has not accidentally been baked into the symbolic equa-
tions. For the notebook’s initial-state comparison, the maximum symbolic/numeric differ-
ences are 3.331 x 10716 for ®, 2.220 x 10716 for J, and 4.337 x 10719 for J¢. These values
document that implementation pair at that pose.

10.2.2 Linear solve checks

At each acceleration solve, check the KKT residual

_ Mo [d Q
T’KKT—|:J 0][A]_[—JQ—2CUJBJQ—@%<I>' (10.1)

For the upper KKT block, report translational force and rotational moment residuals
separately in newtons and newton-metres, or scale each row by a documented charac-
teristic force or moment before combining them. For the lower block, report pin and
grounded-translation acceleration residuals in metres per second squared separately from
the grounded angular-acceleration residual in radians per second squared. Likewise, ®
contains pin-position residuals in metres and a fixed-angle residual in radians, while Jg¢
contains translational speeds and angular rates; report pin and ground components sepa-
rately or use explicit scales. Confirm that J has the expected rank at the tested pose. A
successful factorization alone is not evidence that equations, signs, or units are correct.

10.2.3 Trajectory checks

Because the constraint vector contains both translational and angular rows, report separate
component norms:
€p,pin = _1MaX ‘q)j’; €p,ground = max(]i)n], ‘(I)IQ‘); €0,ground = ‘(I)IS‘a

1<j<10 (10.2)

€v,pin = 1%‘%0 ‘(JQ)]L €y,ground = max(’(JQ)H’y ‘(JQ)IQ‘)y €w,ground — ‘(JQ)IS‘

The pin position and velocity norms have units of metres and metres per second; the
ground translation and translation-rate norms have the same respective units, while the
ground angle and angular-rate norms are in radians and radians per second. The trajectory
check loops over every saved state, reevaluates ®(q;) and J(gx), and records the maxima
of these components. It also confirms that the solver reports success, reaches the requested
final time, and returns finite state values. Repeat with tighter tolerances or a smaller
maximum step and compare the trajectory and quantities relevant to the intended use.
Output sampling density alone is not an integration convergence study.

10.2.4 Validation evidence

The current five-link model is an ideal planar rigid-body mechanism. Its notebook verifies
internal consistency and numerical closure but does not compare predictions against a
physical prototype or measurement data. It therefore demonstrates code verification and
numerical consistency, not empirical validation. A validation study would additionally
need measured geometry, masses/inertias, joint behavior, loading, sensor uncertainty, and
comparison metrics appropriate to the intended application [16].
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10.3 Acceptance checks for the examples

Evidence

Check

Five-link result

Initial consistency

Initial grounding

Local mobility
Equation
implementation
Force solve

Integration
Constraint
preservation
Grounding

Energy behavior

Pin position and velocity residuals
after projection

Translation, angle, translation-rate,
angular-rate residuals

Rank of J at the initial pose
Symbolic/numeric ®, J, and bias
comparison

Initial KKT residual by component
family

Solver reaches 10 s successfully
Maximum pin position and velocity
errors

Translation, angle, translation-rate,
angular-rate maxima

Relative mechanical-energy drift in
the baseline run

4.441 x 10~ 16 m;

4.718 x 10716 ms~1

Om; Orad;

1.561 x 107" ms~1;

1.648 x 10~ 17s1

Rank 13; two remaining DOF
Differences below 4 x 10716

1.998 x 10~ 15 N force;
4.663 x 10715 N m moment
2,001 saved samples

1.108 x 102 m;

1.247 x 107" ms™?

1.333 x 107" m

3.031 x 10~ rad;

1.092 x 10~ ms~1;

1.648 x 107171

3.158 x 1077

These values describe one parameter set, one solver configuration, and sampled output
states. They do not guarantee accuracy between samples, validate the idealized model
against a physical mechanism, or establish robustness near singular configurations.

10.4 Algorithmic outline

1.

Verify symbolic expressions and their dimensions before assigning numerical param-
eters.

. Compare symbolic and independently coded kinematics, Jacobians, and acceleration

bias at multiple admissible states.

. Check rank and KKT residuals at representative configurations.

. Integrate from projected initial data and inspect solver success and state finiteness.

Evaluate position, velocity, and fixed-pose errors at every saved state.

. Refine tolerances and step limits, vary stabilization gains, and report trajectory and

residual sensitivity rather than relying on a single run.

Label any comparison with analytical solutions, benchmarks, or measurements ac-
cording to the evidence actually available.

10.5 Summary

Symbolic identities, independent implementation comparisons, linear residuals, trajectory
constraints, and refinement studies provide complementary verification evidence. Physical
validation requires experimental or otherwise independent evidence not present in this

example.
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Results and Visualization

11.1 State of the Art

Simulation results should report model parameters, solver settings, diagnostics, and enough
implementation detail for reproduction. Reproducible-computation guidance emphasizes
preserving the code and computational context behind reported results [17]. This focused
review uses that reproducibility guidance, checked 2026-10-07. The chapter reports one run
from the canonical five-link notebook; it is not a parameter study, benchmark comparison,
or experimental validation.

11.2 Example configuration

The model contains five planar rigid bodies with coordinates ordered (z;,y;,6;). The five
perimeter pins and a fixed pose for link 4 give 13 independent constraints at the initial
pose, leaving two local degrees of freedom. The masses are (1.2,0.9,1.1,1.0,0.8) kg, and the
planar inertias are (0.30,0.22,0.28,0.25,0.18) kg m?. Derived center-to-center link lengths
are

(3.19061, 1.08167, 2.05913, 1.00000, 1.86815) m.

Gravity is 9.81ms~2. The links are ideal, rigid, and unactuated; link 4 is grounded.

The initial generalized velocity is constructed by perturbing the angular velocity of link
1 and projecting onto the velocity constraints. The ODE run uses the settings listed in
Chapter 9. No damping, friction, contact, or external drives are included.

11.3 Numerical result

The projected initial state has pin position residual 4.441x 10~ m and pin velocity residual
4.718 x 10~ ms~!. The grounded translation and angle residuals are zero, while their
rates are 1.561x 10~" ms~! and 1.648 x 10~'7 s~!. The initial constraint Jacobian has rank
13. At the initial KKT solve, the maximum translational force residual is 1.998 x 1071 N,
the maximum moment residual is 4.663 x 107 Nm, and the maximum stabilized pin-
acceleration residual is 7.834 x 107 ms=2. The 10 s solve completes successfully with
2,001 saved output states and 13,154 right-hand-side evaluations. Across saved states, the
maximum pin-position closure error is 1.108 x 10~ m, and maximum pin-velocity residual is
1.247 x 10~ "ms~!. Link 4’s maximum translation error is 1.333 x 1077 m, its maximum
angle error is 3.031 x 107!?rad, and its final pin position residual is 9.353 x 10~"'m
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Relative mechanical-energy drift, scaled by the larger of one joule or the initial energy
magnitude, is 3.158 x 1077 for this Baumgarte-stabilized run.

The initial and final configurations show substantial motion of the unfixed links while
the grounded pose remains fixed. The outline is drawn by connecting joint attachment
points and is only a visualization proxy: the equations use full rigid-body masses and
inertias. The animation samples saved solver output for display; it does not alter the
integration or establish accuracy by itself.

11.3.1 Figure and animation generation

The notebook builds the static configuration figure and movie from the saved generalized-
coordinate history. Its plotting procedure is:

1. For each selected saved state, read every body’s center and orientation and map its
local pin offsets into world coordinates.

2. Plot the five pin-to-pin outlines and center markers. If a filled body outline is shown,
sort the attachment points by their polar angle about the center and close the polygon;
label this as a display proxy, not the rigid-body geometry used in the equations.

3. For the initial /final comparison, draw the projected initial state and the last saved
state on equal-scale axes.

4. For the movie, compute world bounds from all saved centers and pins over the full
trajectory, then hold those axes fixed. Select evenly spaced saved states at the chosen
display frame rate and update existing line, marker, label, pin, and time artists for
each frame.

5. Encode the frames, reopen the written animation, and verify both its frame count and
the sum of encoded frame durations against the intended frame rate and simulation
duration.

In the notebook, the ten-second run produces 200 frames at 20 frames per second. This ver-
ifies the movie artifact’s timing and frame count; the plotted path remains a visualization
of the numerical result, not a substitute for constraint, solver, or sensitivity checks.

11.4 Sensitivity to tolerances and stabilization

Two additional ten-second runs keep the initial state and output times fixed. Tightening
the relative and absolute tolerances from 107%,10719 to 107,107, while keeping the
maximum step at 0.01s and wp = 20s~ !, increases RHS evaluations from 13,154 to 20,492.
The maximum pin-velocity residual falls from 1.247 x 10~7 to 1.019 x 10~8ms~!, while
maximum pin-position closure is 9.746 x 10~ m. Relative energy drift falls to 2.548 x 1075.
The maximum coordinate difference from the baseline sampled trajectory is 9.397 x 107°.

Halving the Baumgarte frequency to 10s~! at baseline solver tolerances reduces RHS
evaluations to 8,654. Maximum pin-position and pin-velocity residuals become 2.018 x
1072m and 1.058 x 10~"ms~!; relative energy drift is 3.191 x 10~7, and the maximum
coordinate difference from baseline is 2.405 x 10~%. The Jacobian rank remains 13 at every
saved state in both runs. In both sensitivity runs, grounded-pose translation stays below
4.4 x 107" m and grounded-angle error below 6.1 x 10~?rad. These comparisons show
a tradeoff between computational work, constraint residuals, and trajectory sensitivity.
They are a small sensitivity check, not a convergence proof or a broad study of solver/gain
combinations.
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Figure 11.1: Initial and final configurations from the 10 s five-link run. Lines join pin
attachment points to visualize rigid-link orientation; they do not depict body deformation.

11.5 Reproducibility record

The canonical executable artifact is the five-link dynamics notebook in the project root.
The recorded environment uses Python from the project virtual environment with NumPy
2.5.3, SymPy 1.14.0, SciPy 1.18.1, Matplotlib 3.11.2, and Pillow 12.3.0. The notebook
regenerates the 10 s, 200-frame GIF and checks its encoded duration. The result is deter-
ministic only to the extent that numerical library versions, solver settings, and the platform
remain equivalent; figures and metrics should be regenerated after changes.

11.6 Summary

This run demonstrates a moving closed-chain solution with small sampled position and
velocity residuals under one explicit set of parameters and numerical settings. The values
are evidence for this run, not universal accuracy thresholds. Chapter 12 bounds what can
be inferred and identifies extensions needed for higher-fidelity applications.



Chapter 12

Limitations and Extensions

12.1 State of the Art

Multibody simulation spans rigid and flexible bodies, ideal and compliant joints, open and
closed topologies, and models with contact, friction, and actuation. The appropriate fidelity
depends on the engineering question; increasing model detail can introduce additional
states, parameters, nonsmooth events, and numerical stiffness. Shabana provides broader
coverage of rigid and deformable multibody formulations, while differential-algebraic and
numerical-integration references describe important solver consequences [2, 5, 6]. This
focused scope-setting synthesis uses these foundational works, checked 2026-10-07; it is not
a survey of each extension area.

12.2 Limitations of the worked model

The running mechanism is planar and consists of rigid links with constant center-of-mass
coordinates, constant mass properties, ideal revolute pins, and a perfectly grounded fourth
link. It omits:

e joint clearance, friction, backlash, and compliance;
e link flexibility, structural damping, and material limits;
e impacts, unilateral contact, collision detection, and frictional contact;

actuator dynamics, control laws, and time-varying external loads;

e parameter uncertainty and comparison with measured motion or reaction forces.

The numerical trajectory is one unforced example under gravity with Baumgarte stabiliza-
tion. Low closure residuals do not prove the physical assumptions are adequate, nor do
they guarantee solver robustness at singular configurations.

12.3 Possible extensions

12.3.1 Spatial motion

Three-dimensional bodies require six configuration variables per body in a suitable repre-
sentation. Rotations introduce additional kinematic structure and, for some parameteri-
zations, coordinate singularities. Joint constraints and mobility must be reformulated for
spatial joints rather than obtained by simply copying planar equations.
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12.3.2 Flexible bodies and compliant joints

Flexible-body models add elastic coordinates or continuum approximations and require
consistent coupling between rigid motion and deformation. Compliant joints replace exact
closure conditions with force laws; their parameters should be identified or bounded, and
their added high-frequency dynamics may require stiff integration.

12.3.3 Contact, friction, and actuation

Unilateral contact introduces inequality conditions and impact events; friction may make
the equations nonsmooth. These cases generally need contact-aware formulations and
event or complementarity treatment rather than the smooth ODE used here. Actuation
and control can be incorporated through generalized forces, provided the force application
points, torque signs, and power balance are stated explicitly.

12.3.4 Robust numerics and model evidence

Future work can compare a dedicated DAE approach, projection after accepted steps,
coordinate reduction, and alternative stabilization gains using identical initial data and
common error measures. Singular poses, conditioning, energy and momentum behavior,
and sensitivity to parameters should be studied. Physical validation additionally requires
measurements and uncertainty analysis; it cannot be inferred from symbolic agreement or
numerical closure alone.

12.4 Summary

The five-link example isolates the mechanics of planar ideal loop closure but is not a
universal model of a real mechanism. Extensions should be selected from the intended use,
supported with appropriate physical data, and paired with numerical methods suited to
the resulting equations.



Appendix A

Python Implementations

The listings in this appendix give the numerical kernels used by the worked examples.
The notebooks contain the complete symbolic derivations, parameter definitions, residual
checks, plots, and run instructions; they are the canonical executable artifacts. The snip-
pets below are intentionally limited to the repeated solve steps, so the derivation and
validation context is not buried in a long code transcription.

A.1 Double-pendulum acceleration

The notebook derives callable forms of the mass matrix and the vector h from the symbolic
Euler-Lagrange residual. The numerical right-hand side solves the linear system directly
rather than forming an inverse.

Listing A.1: First-order right-hand side for the unforced double pendulum

import numpy as np

def double_pendulum_rhs(time, state, mass_matrix, bias):
q = statel[:2]
qdot = state[2:]
matrix = mass_matrix(q)
h = bias(q, qdot)
qddot = np.linalg.solve(matrix, -h)
return np.concatenate((qdot, gddot))

For applied generalized torques, replace -h by torque(time, g, qdot) - h. The note-
book’s symbolic check verifies the decomposition before the numerical functions are created.

A.2 Five-link constrained acceleration

For the five-link model, the mass matrix is diagonal in center-of-mass coordinates. The
constraint model supplies ®, J, and J§. The following kernel adds Baumgarte feedback
only to the lower KKT block; set both gains to zero to recover the ideal acceleration
constraint at a consistent state.

Listing A.2: KKT acceleration and reaction-force solve

import numpy as np

def constrained_acceleration(q, qdot, time, model,
zeta=1.0, omega=20.0):
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phi, jac = model.constraints_and_jacobian(q)
bias = model.jdot_qdot(q, gdot)
stabilization = (

2.0 * zeta * omega * (jac @ gdot)

+ omega**2 * phi
)

constraint_rhs = -bias - stabilization

count = jac.shapel[O]

zero = np.zeros((count, count))

kkt = np.block([
[model .mass_matrix, jac.T],
[jac, zero]l,

D

rhs = np.concatenate ((
model.generalized_forces(q, qdot, time),
constraint_rhs,

))

solution = np.linalg.solve(kkt, rhs)

split = q.size

return solution[:split], solution[split:]

20

The multiplier signs correspond to the chapter convention ®,, = r,—rp and M§+J T =
Q@- A production implementation should also report Jacobian rank and scaled linear-solve

residuals and should handle rank loss explicitly, as the canonical notebook does.

A.3 State derivative and integration

The stabilized acceleration kernel defines an ODE for y = [¢,¢]7. The code below shows
the integrator call used by the five-link example; initial position and velocity projection

are performed before this call.

Listing A.3: State derivative and adaptive integration

from scipy.integrate import solve_ivp

def state_derivative(time, state, model, coordinate_count):
q = statel[:coordinate_count]
qdot = state[coordinate_count:]
qddot, _ = constrained_acceleration(
q, qdot, time, model
)
return np.concatenate((qdot, qddot))

time_samples = np.linspace(0.0, 10.0, 2001)
initial_state = np.concatenate((q0, qdot0))
solution = solve_ivp(

lambda time, state: state_derivative(

time, state, system, gqO0.size

)’

(0.0, 10.0),

initial_state,

t_eval=time_samples,

rtol=1e-8,

atol=1e-10,

max_step=0.01,
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if not solution.success:
raise RuntimeError (solution.message)

After integration, evaluate ||®(q)|lco, ||/(9)d|/co, and the grounded-pose error at each
saved state. Solver success alone does not establish constraint preservation or physical
validity.
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